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^D ■ Abstract 

(N ■ 

Term graph rewriting provides a formalism for implementing term rewriting in an effi- 
cient manner by avoiding duplication. Infinitary term rewriting has been introduced to 
study infinite term reduction sequences. Such infinite reductions can be used to reason 
about lazy evaluation. In this paper, we combine term graph rewriting and infinitary 
term rewriting thereby addressing both components of lazy evaluation: non-strictness 
and sharing. Moreover, we show how our theoretical underpinnings, based on a metric 
C_J ' space and a complete semilattice, provides a unified framework for both term rewriting 

I_J , and term graph rewriting. This makes it possible to study the correspondences between 

• ■ these two worlds. As an example, we show how the soundness of term graph rewriting 

fj ' w.r.t. term rewriting can be extended to the infinitary setting. 

Introduction 
> 

1 ^ ' Infinitary term rewriting [14] extends the theory of term rewriting by giving a meaning to 

\^ , transfinite reductions instead of dismissing them as undesired and meaningless artifacts. 

f^ ' Term graphs, on the other hand, allow to explicitly represent and reason about sharing and 

[^ , recursion [5] by dropping the restriction to a tree structure that we have for terms. Apart 

f^ ' from that, term graphs also provide a finite representation of certain infinite terms, viz. 

rational terms. As Kennaway et al. [131 115] have shown, this can be leveraged in order to 
finitely represent restricted forms of infinitary term rewriting using term graph rewriting. 

However, in order to benefit from this, we need to know for which class of term rewriting 
systems the set of rational terms is closed under (normalising) reductions. One such class of 
, . , systems - a rather restrictive one - is the class of regular equation systems [9^ which consist 

C^ ' of rules having only constants on their left-hand side. Having an understanding of infinite 

reductions over term graphs could help to investigate closure properties of rational terms in 
the setting of infinitary term rewriting. 

By studying infinitary calculi of term graph rewriting, we can also expect to better un- 
derstand calculi with explicit sharing and/or recursion. Due to the lack of finitary confluence 
of these systems, Ariola and Blom [T] resort to a notion of skew confluence in order to be able 
to define infinite normal forms. An appropriate infinitary calculus could provide a direct 
approach to define infinite normal forms. 
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Historically, the theory of infinitary term rewriting is mostly based on the metric space 
of terms [T3]. Its notion of convergence captures "well-behaved" transfinite reductions. A 
more structured approach, based on the complete semilattice structure of terms, yields a 
conservative extension of the metric calculus of infinitary term rewriting [S] that allows local 
divergence. 

In previous work [6\ , we have carefully devised a complete metric space and a complete 
semilattice of term graphs in order to investigate different modes of convergence for term 
graphs. The resulting theory allows to treat infinitary term rewriting as well as graph 
rewriting in the same theoretical framework. While the devised metric and partial order on 
term graphs manifests the same compatibility that is known for terms [S] , it is too restrictive 
as we will illustrate. 

In this paper, we follow a different approach by taking the arguably simplest generalisa- 
tion of the metric space and the complete semilattice of terms to term graphs. While the 
notion of convergence in these structures has some oddities which makes them somewhat 
incompatible, we will show that these incompatibilities vanish once we move from the weak 
notion of convergence that was considered in [6 to the much more well-behaved strong no- 
tion of convergence [16] . More concretely, we will show that, w.r.t. strong convergence, the 
metric calculus of infinitary term graph rewriting is the total fragment of the partial order 
calculus of infinitary term graph rewriting. 

We show that our simple approach to infinitary term graph rewriting yields simple limit 
constructions that makes them easy to relate to the limit constructions on terms. As a result 
of that we are able to generalise the soundness result as well as a limited completeness result 
for term graph rewriting [15J to the infinitary setting. 

1 Preliminaries 

We assume the reader to be familiar with the basic theory of ordinal numbers, orders and 
topological spaces [TT] , as well as term rewriting P^ . In the following, we briefly recall the 
most important notions. 

1.1 Sequences 

We use a, j3, 7, A, l to denote ordinal numbers. A sequence S of length a in a set A, written 
(at)t<a, is a function from a io A with l t-^ a^ for all l. £ a. We use \S\ to denote the 
length a of S. If a is a limit ordinal, then S is called open. Otherwise, it is called closed. 
If a is a finite ordinal, then S is called finite. Otherwise, it is called infinite. For a finite 
sequence (ai)i<„ we also use the notation (oo, ai, . . . ,a„_i). In particular, () denotes an 
empty sequence. 

The concatenation (at)t<Q-(6t)t<^ of two sequences is the sequence (ct)t<Q_(.^ with c^ = a^ 
for L. < a and Ca+i = b^ for l < /3. A sequence S* is a (proper) prefix of a sequence T, denoted 
S <T (resp. S < T), if there is a (non-empty) sequence S' with S ■ S' = T. The prefix of T 
of length /3 is denoted Tj^. The binary relation < forms a complete semilattice. Similarly, 
a sequence 5 is a (proper) suffix of a sequence T if there is a (non-empty) sequence S' with 
S' -S^T. 

Let S = (ai)i<a be a sequence. A sequence T — {bi)L<^fi is called a subsequence of S if 
there is a monotone function f: (3 ^ a such that b^ — afi^\ for all i < j3. The subsequence 
S is called finial if / is cofinal, i.e. if for each t < /3 there is some 7 < a with /(7) > i. 



1.2 Metric Spaces 

A pair (M, d) is called a metric space if d : M x M ^ M.q is a function satisfying d{x,y) ~ 
iS X = y (identity), d{x,y) = d(j/,x) (symmetry), and d(x, z) < d(x,y) + d(j/, z) (triangle 
inequality), for all x,y,z € M. If d instead of the triangle inequality, satisfies the stronger 
property d(a;, z) < max {d{x, y), d(y, z)} (strong triangle), then (M, d) is called an ultramet- 
ric space. Let (at)t<a be a sequence in a metric space (M, d). The sequence (ot)t<a converges 
to an clement a (z M , written linit^Q a^, if, for each s S R"*", there is a /3 < a such that 
d(a, aj < e for every /3 < l < a; (at)t<a is continuous if linit^A ^t = ^a for each limit 
ordinal A < a. The sequence (at)t<a is called Cauchy if, for any e G K.^, there is a ^ < a 
such that, for all /3 < i < i' < a, we have that d(mt,rrzt') < e. A metric space is called 
complete if each of its non-empty Cauchy sequences converges. 

Note that the limit of a converging sequence is preserved by taking cofinal subsequences: 

Proposition 1.1 (invariance of the limit). Let (ai)i<a be a sequence in a metric space 
{A, d). //linit^Q ftt = a then linit^^ b^ = a for any cofinal subsequence {bi)i^p of (ai)i<Q. 

1.3 Partial Orders 

A partial order < on a set ^ is a binary relation on A that is transitive, reflexive, and 
antisymmetric. The pair (A, <) is then called a partially ordered set. A subset D of the 
underlying set A is called directed if it is non-empty and each pair of elements in D has an 
upper bound in D. A partially ordered set (A, <) is called a complete partial order (cpo) 
if it has a least element and each directed set D has a least upper bound (lub) \_\D. A cpo 
{A, <) is called a complete semilattice if every non-empty set B has greatest lower bound 
(gib) \~\B. In particular, this means that for any non-empty sequence {a^)^^a in a complete 

semilattice, its limit inferior, defined by liminft^a a^ = |Jfl<„ ( nfl<t<a ^^t ) ; always exists. 

It is easy to see that the limit inferior of closed sequences is simply the last element of 
the sequence. This is, however, only a special case of the following more general proposition: 

Proposition 1.2 (invariance of the limit inferior). Let {ai)i^a be a sequence in a partially 
ordered set and {bi^)i^p a non-empty suffix of {ai,)^^c,- Then liminft_+a a^ = liminft_^/3 6^. 

Proof We have to show that U-y<a \~\-y<,<a O''- = U/3<7<a r\',<u<a O''- = «' ^^ol^s for each 
(3 < a. Let b-^ = n'y<t<a ^i^ for each "f < a, A — {b^ | 7 < a } and A' — {b-^ | /? < 7 < a }. 
Note that a = |J ^ and a! = \_\A' . Because A' C A, we have that a! < a. On the other 
hand, since b^ < b-y' for 7 < 7', we find, for each bj G A, some b-yi G A' with by < by. 
Hence, a <a! . Therefore, due to the antisymmetry of <, we can conclude that a — a! . D 

Note that the limit in a metric space has the same behaviour as the one for the limit 
inferior described by the proposition above. However, one has to keep in mind that - unlike 
the limit - the limit inferior is not invariant under taking cofinal subsequences! 

With the prefix order < on sequences we can generalise concatenation to arbitrary se- 
quences of sequences: Let (5t)t<a be a sequence of sequences in a common set. The con- 
catenation of (S't)t<Q, written rit<a '5'u is recursively defined as the empty sequence () if 
a^O, (riKa' Si) - Sa' if a = a' + 1, and |J7<a Ilt.<j ^i- if « is a hmit ordinal. 



1.4 Terms 

Since we are interested in the infinitary calculus of term rewriting, we consider the set 7^°° (E) 
of infinitary terms (or simply terms) over some signature E. A signature E is a countable 
set of symbols. Each symbol / is associated with its arity ar(/) S N, and we write E^"^ for 
the set of symbols in E which have arity n. The set T°°(E) is defined as the greatest set 
T such that t € T implies t = f{ti, . . . ,tk), where / G S^''^ and ti,. . .,tk E T. For each 
constant symbol c £ E("\ we write c for the term c(). We consider T°°(E) as a superset of 
the set ^(E) oi finite terms. For a term t G T°°(E) we use the notation ■p(i) to denote the 
set of positions in t. V{t) is the least subset of N* such that () G V{t) and vr • (i) G V{t) if 
t = /(ii, . . . , ife) with < i < /c. For terms s, i G T°°(E) and a position tt G 'P(<), we write 
ilvr for the suhterm of t at tt, /:(7r) for the function symbol in t at tt, and t[s]Tj for the term f 
with the subterm at tt replaced by s. A position is also called an occurrence if the focus lies 
on the subterm at that position rather than the position itself. 

On T°°(E) a similarity measure sim(-, •) G N U {oo} can be defined by setting 

sim(s,i) =min{|7r| | tt G Vis) r\'P(t),s(Ti) ^i(7r)}U{oo} for s,iG r°°(E) 

That is, sim(s,i) is the minimal depth at which s and t differ, resp. oo ii s = t. Based on 
this, a distance function d can be defined by d(s, t) = 2~="^('''*), where we interpret 2~°° as 
0. The pair (7'°°(E),d) is known to form a complete ultrametric space [3]. Partial terms, 
i.e. terms over signature E^ = S W {_L} with _L a fresh constant symbol, can be endowed 
with a binary relation <j^ by defining s <_l i iff s can be obtained from t by replacing some 
subterm occurrences in t by _L. Interpreting the term L as denoting "undefined", <^ can 
be read as "is less defined than". The pair {T°°{^±)t<±) is known to form a complete 
semilattice [TU]. To explicitly distinguish them from partial terms, we call terms in T°°(E) 
total. 

1.5 Term Rewriting Systems 

For term rewriting systems, we have to consider terms with variables. To this end, we assume 
a countably infinite set V of variables and extend a signature E to a signature Ey = E tt) V 
with variables in V as nuUary symbols. Instead of T°°(Ev) we also write T°°(E, V). A term 
rewriting system (TRS) 7?. is a pair (E, R) consisting of a signature E and a set R of term 
rewrite rules of the form I -^ r with / G T(E, V)\V and r G ^""(E, V) such that all variables 
in r are contained in I. Note that the left-hand side must be a finite term [H]! We usually 
use x, y, z and primed resp. indexed variants thereof to denote variables in V. 
As in the finitary setting, every TRS TZ defines a rewrite relation — i-tj: 



>n 



t <;=^ Bit G 'P{s),l -^ r € R,a: s\jr = lcr,t ~ s[ra]j^ 



Instead of s -^n t, we sometimes write s -^■K,p t in order to indicate the applied rule p and 
the position tt, or simply s ^^ t. The subterm sl^ is called a p-redex or simply redex, ra its 
contractum, and sJtt is said to be contracted to ra. 

Let pi : h ^>- ri, P2: h ^>- ''2 be rules in a TRS TZ with variables renamed apart. The 
rules pi, p2 are said to overlap if there is a non-variable position it in Zi such that /ij^ and 
I2 are unifiable and tt is not the root position {) in case pi,p2 are renamed copies of the 
same rule. A TRS is called non- overlapping if none of its rules overlap. A term t G 7~(E, V) 
is called linear if each variable occurs at most once in t. The TRS TZ is called left-linear if 



the left-hand side of every rule in TZ is linear. It is called orthogonal if it is left-linear and 
non-overlapping. 

2 Infinitary Term Rewriting 

Before pondering over the right approach to an infinitary calculus of term graph rewriting, 
we want to provide a brief overview of infinitary term graph rewriting [141 [SJ [S] • This should 
give a insight into the different approaches to deal with infinite reductions. 

A (transfinite) reduction in a term rewriting system TZ, is a sequence S = {t^ -^-n, it-i-i)t<Q 
of rewriting steps in TZ. The reduction S is called weakly m-continuous, written S : to ^ . . . , 
if the sequence of terms (ij,^^ is continuous, i.e. lim^^A it = ^a for each hmit ordinal X < a. 
The reduction S is said to weakly m-converge to a term t, written S: t^ ^ t, ii it is weakly 
TO-continuous and limt^Q tu — t. 

For strong convergence, also the positions tt^ at which reductions take place are taken 
into consideration: A reduction S is called strongly m-continuous, written 5": to "^ . . . , ii 
it is weakly m-continuous and the depths of redexes (|7rt|)t<A tend to infinity for each limit 
ordinal X < a, i.e. liminf^^x Ktl — uj. A reduction S is said to strongly m-converge to t, 
written S : to ^ t, ii it weakly m-converges to t and the depths of redexes (|7rt|)t<A tend to 
infinity for each limit ordinal A < a. 

Example 2.1. Consider the term rewriting system TZ containing the rule pi : a: x ^ b:a:x, 
where : is a binary symbol that we write infix and assume to associate to the right. That 
is, the right-hand side of the rule is parenthesised a.s b:{a:x). Think of the : symbol as the 
list constructor cons. Using pi. we have the infinite reduction 

S: a:c ^ b:a:c ^ b:h:a:c ^f . . . 

The position at which two consecutive terms differ moves deeper and deeper during the 
reduction S. Hence, S weakly m-converges to the infinite term s satisfying the equation 
s = b: s, i.e. s = b:b:b: .... Since also the position at which the reductions take place 
moves deeper and deeper, S also strongly jn-converges to s. 

Now consider a TRS with the slightly different rule p2: a:x — 5- a:b:x. This yields a 
reduction 

S' : a:c -^ a:b:c ^ a:b:b:c —i- . . . 

The reduction S' weakly 77i-converges to the term s' — a:b:b: . . . . However, since in each 
step in S' takes place at the root, it is not strongly m-converging. 

Strong 771-convergence is determined by the depth of the redexes only. The metric space 
is only used to determine the limit term. 

Proposition 2.2 ([H Prop. 5.5]). Let S = {t^ — >^^ it+i)t<A be a strongly m-continuous 
open reduction in a TRS. Then S is strongly m-convergent iff the sequence {\T^\Ji<x of redex 
depths tends to infinity. 

In the partial order model of infinitary rewriting, convergence is modelled by the limit 
inferior: A reduction S = (t^ — ^^^ it-i-i)t<Q of partial terms is called weakly p-continuous, 
written 5": to ^ . . . , if liminf,,<Att = tx for each limit ordinal A < a. The reduction S is 
said to weakly p-converge to a term t, written S: to ^ t, ii it is weakly p-continuous and 
liminf ^^t, = t. 



Again, for strong convergence, the positions tt^ at which reductions take place are taken 
into consideration. In particular, we consider for a reduction step t^ -^-k, ti+i the reduction 
context Ci = tt[_L],r- To indicate the reduction context of a reduction step, we also write 
ti -^c, it+i- A reduction S ~ {t,^ — >c, ^t+i)t<Q is called strongly p-continuous, written 
S: to ^ . . . , if liminfto q = t\ for each limit ordinal A < a. The reduction S is said to 
weakly p-converge to a term i, written S : to ^ t, ii it is weakly p-continuous and either T 
is closed with t — t„, or liminf ,^c, — t. 

The distinguishing feature of the partial order approach is that, given a complete semil- 
attice, each continuous reduction also converges. This provides a conservative extension to 
m-convergence that allows rewriting modulo meaningless terms [S] by essentially mapping 
those parts of the reduction to ± that are divergent according to the metric model. 

Intuitively, weak p-convergence on terms describes an approximation process. To this 
end, the partial order < j_ captures a notion of information preservation^ i.e. s <i t iff t con- 
tains at least the same information as s does but potentially more. A monotonic sequence of 
terms to ^J. ^i ^_l • ■ ■ thus approximates the information contained in [Jj^^ ti. Given this 
reading of <^, the gib P|r of a set of terms T captures the common (non-contradicting) 
information of the terms in T. Leveraging this, a sequence that is not necessarily monotonic 
can be turned into a monotonic sequence tj = n7<i<Lj ^j such that each tj contains exactly 
the information that remains stable in (si)i<(^ from j onwards. Hence, the limit inferior 
liminfi^^ Si = LJi<tj n7<i<cj ^i is the term that contains the accumulated information that 
eventually remains stable in {si)i^Lj- This is expressed as an approximation of the monoton- 
ically increasing information that remains stable from some point on. For the strong variant, 
instead of the terms s^, the reduction contexts Ct are considered. Each reduction context Ct 
is an underapproximation of the shared structure s^ r\ s^+i between two consecutive terms 

Su,S,+ i. 

Example 2.3. Reconsider the system from Example 12.11 The reduction S also weakly 
and strongly p-converges to s. Its sequence of stable information _L : ± <^ 5:±:± <_l 
6:5:_L:± <^ ... approximates s. The same also applies to the stricter underapproximation 
1. <±_ b:± <± b:b:± <± ... by reduction contexts. Now consider the rule pi together 
with the rule p^: b:x ^ a:b:x. Starting with the same term, but applying the two rules 
alternately at the root, we obtain the reduction sequence 

T: a : c ^ b : a : c -^ a :b : a : c -^ b : a :b : a : c -^ ... 

Now the differences between two consecutive terms occur right below the root symbol " : ". 
Hence, T does not even weakly TTi-converge. This, however, only affects the left argument of 
" : ". Following the right argument position, the bare list structure becomes eventually stable. 
The sequence of stable information ±:_L <^ _L:_L:_L <^ _L:±:_L:± <j^ ... approximates 
the term t = ± : _L : _L . . . . Hence, T weakly p-converge to t. Since each reduction takes place 
at the root, each reduction context is ±. Therefore, T strongly p-converges to the term _L. 

Note that in both the metric and the partial order setting continuity is simply the 
convergence of every proper prefix: 

Proposition 2.4 ([4J). Let S — {t^ ^ t^^i)^^^ be a reduction in a TRS. Then S is strongly 
m-continuous iff every proper prefix S\p strongly m-converges to tp The same holds for 
strong p- continuity/- convergence and weak counterparts. 

Moreover, the relation between m- and p-convergence illustrated in the examples above 
is characteristic: p-convergence is a conservative extension of ?n-convergence. 
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(a) /(a, h{a, b)). (b) A graph. (c) A term graph. 

Figure 1: Example for a tree representation of a term; generalisation to (term) graphs. 

Theorem 2.5 (total p-convergence — ?Ti-convergence). For every reduction S in a TRS the 
following equivalences hold: 

(i) S: s^ t is total iff S: s^t, and (ii) S : s ^ t is total iff S: s'^t. 

The same also holds for continuity instead of convergence. 

Kennaway [12] and Bahr [3] investigated abstract models of infinitary rewriting based 
on metric spaces resp. partially ordered sets. We will take these abstract models as a basis 
to formulate a theory of infinitary term graph reductions. The key question that we have to 
address is what an appropriate metric space resp. partial order on term graphs looks like. 

3 Graphs and Term Graphs 

This section provides the basic notions for term graphs and more generally for graphs. Terms 
over a signature, say S, can be thought of as rooted trees whose nodes are labelled with 
symbols from S. Moreover, in these trees a node labelled with a fc-ary symbol is restricted 
to have out-degree k and the outgoing edges are ordered. In this way the i-th successor of a 
node labelled with a symbol / is interpreted as the root node of the subtree that represents 
the i-th argument of /. For example, consider the term f{a,h{a,b)). The corresponding 
representation as a tree is shown in Figure [Tal 

In term graphs, the restriction to a tree structure is abolished. The notion of term graphs 
we are using is taken from Barcndregt et al. J7]. 

Definition 3.1 (graph). Let S be a signature. A graph over E is a tuple g — {N, lab, sue) 
consisting of a set N (of nodes), a labelling function lab: N -^ T,, and a successor function 
sue: TV — > N* such that |suc(n)| — ar(lab(n)) for each node n £ iV, i.e. a node labelled with 
a fc-ary symbol has precisely fc successors. If suc(n) — (no, . . . , Uk-i), then we write suci(n) 
for Ui. Moreover, we use the abbreviation arg(n) for the arity ar(lab(n)) of n. 

Example 3.2. Let S = {//2, /i/2, a/0, 6/0} be a signature. The graph over E, depicted 
in Figure [Tbl is given by the triple (A^, lab, sue) with N = {710,71.1,712,71.3,71,4}, lab(no) = 
/, lab(77i) == Iab(r74) = /i, lab(772) — 6, Iab(ri3) — a and suc(77o) = (711, 7i2},suc(77i) = 

(770,713},SUC(772) = SUC(773) = (),SUc(r74) = {ll2,n^)- 

Definition 3.3 (path, reachability). Let g — {N, lab, sue) be a graph and n,n' e N. 
(i) A path in g from n to n' is a finite sequence {pi)i<,i in N such that either 
• n = n' and (pi)i<i is empty, i.e. I = 0, or 



• < po < si'gl'^) ^iid the sufRx {pi)i<i<:i is a path in g from suCpf,(n) to n' . 

(ii) If there exists a path from n to n' in g, we say that n' is reachable from n in 5. 

Definition 3.4 (term graph). Given a signature S, a term graph g over S is a tuple 
(A'^, lab, sue, r) consisting of an underlying graph (A'^, lab, sue) over E whose nodes are ah 
reachable from the root node r € N. The class of all term graphs over S is denoted Q°°{'E,). 
We use the notation N^ , lab^, suc^ and r^ to refer to the respective components A^,lab, sue 
and r of g. Given a graph or a term graph h and a node n in h, we write /i|„ to denote the 
sub-term graph of h rooted in g. 

Example 3.5. Let S = {//2, h/2, c/0} be a signature. The term graph over S, depicted 
in Figure [Tel is given by the quadruple (N, lab, sue, r), where N — {r, ni, 712, 713}, sue(r) = 
(7^1,^2), sue(ni) = {r,n-i), suc{n2) ^ (^1,713), sue(n3) = () and lab(r) = Iab(ri2) == /, 
lab(ni) = h, Iab(n3) = c. 

Paths in a graph are not absolute but relative to a starting node. In term graphs, however, 
we have a distinguished root node from which each node is reachable. Paths relative to the 
root node are central for dealing with term graphs: 

Definition 3.6 (position, depth, cyclicity, tree). Let g e Q°°{Yi) and n ^ N. 

(i) A position of n is a path in the underlying graph of g from r^ to n. The set of all 
positions in g is denoted P{g)', the set of all positions of n in g is denoted ^^(n)!^ 

(ii) The depth of n in g, denoted depth (n), is the minimum of the lengths of the positions 
of n in g, i.e. depth (n) = min{|7r| | n £ Vg{n) }. 

(iii) For a position tt G 7'(g), we write nodeg(7r) for the unique node n G A^^ with tt G Vg{n) 
and g{TT) for its symbol lab^(ri). 

(iv) A position tt G 'P(g) is called cyclic if there are paths tti < tt2 < tt with nodeg(7ri) = 
nodeg(7r2). The non-empty path tt' with tti -tt' = tt2 is then called a cycle of nodeg(7ri). 
A position that is not cyclic is called acyclic. 

(v) The term graph g is called a term tree if each node in g has exactly one position. 

Note that the labelling function of graphs - and thus term graphs - is total. In con- 
trast, Barendregt et al. [7] considered open (term) graphs with a partial labelling function 
such that unlabelled nodes denote holes or variables. This is reflected in their notion of 
homomorphisms in which the homomorphism condition is suspended for unlabelled nodes. 

3.1 Homomorphisms 

Instead of a partial node labelling function, we chose a syntactic approach that is closer to 
the representation in terms: Variables, holes and "bottoms" are represented as distinguished 
syntactic entities. We achieve this on term graphs by making the notion of homomorph- 
isms dependent on a distinguished set of constant symbols A for which the homomorphism 
condition is suspended: 



^The notion/notation of positions is borrowed from terms: Every position vr of a node n corresponds to 
the subterm represented by n occurring at position it in the unravelling of the term graph to a term. 



Definition 3.7 (A-homomorphism). Let S be a signature, A C E("), and g,/i G 5°°(S). 
(i) A function cf): N^ — > N^ is called homomorphic in n G N^ if the following holds: 

lab»(n) = \3b^{4>{n)) (labelling) 

0(suc^(n)) = suc'l {4'{n)) for all < i < arg(n) (successor) 

(ii) A A-homomorphism (j) from g to ft,, denoted (/>: g — >-a ft, is a function (j): N^ — !> A^'' 
that is homomorphic in n for all n G A^^ with lab^(ri) ^ A and satisfies (f>{r^) — r^ . 

It should be obvious that we get the usual notion of homomorphisms on term graphs if 
A = 0. The A-nodes can be thought of as holes in the term graphs which can be filled with 
other term graphs. For example, if we have a distinguished set of variable symbols V C S'-°\ 
we can use V-homomorphisms to formalise the matching step of term graph rewriting which 
requires the instantiation of variables. 

Proposition 3.8 (A-homomorphism preorder). The A-hom,omorphisms on Q°^(Yi) form, a 
category which is a preorder. That is, there is at most one A-homomorphism from one term 
graph to another. 

Proof. The identity A-homomorphism is obviously the identity mapping on the set of 
nodes. Moreover, an easy equational reasoning reveals that the composition of two A- 
homomorphisms is again a A-homomorphism. Associativity of this composition is obvious 
as A-homomorphisms are functions. 

In order to show that the category is a preorder assume that there are two A-homomorphisms 
01, 02 : 9 -^A h. We prove that 0i = 02 by showing that 0i(n) = 02 (jt-) for all n G A^^ by 
induction on the depth of n. 

Let depth (n) — 0, i.e. n — r^ . By the root condition, we have that 0i(r^) = r'* = 02(r®). 
Let depth (n) = d > 0. Then n has a position tt • (i) in g such that depth (n') < d 
for n' = nodeg(7r). Hence, we can employ the induction hypothesis for n' to obtain the 
following: 

01 (ri) = suc/(0i(n')) (successor condition for 0i) 

= suc''-(02(n')) (ind. hyp.) 

— 02 (jT-) (successor condition for 02) 

D 

As a consequence, each A-homomorphism is both monic and epic, and whenever there 
are two A-homomorphisms 0: g — >a h and ij) : ft — >a 9, they are inverses of each other, i.e. 
A-isomorphisms. If two term graphs are A-isomorphic, we write g =a h. 

Note that injectivity is in general different from both being monic and the existence 
of left-inverses. The same holds for surjectivity and being epic resp. having right-inverses. 
However, each A-homomorphism is a A-isomorphism iff it is bijective. 

For the two special cases A = and A = {cr}, we write (f>: g —^ h resp. : g -^^ ft instead 
of 0: g — >A h and call a homomorphism resp. (T-homomorphism. The same convention 
applies to A-isomorphisms. 

Lemma 3.9 (homomorphisms are surjective). Every homomorphism 0: g -^ h, with g,h G 
5°°(S), is surjective. 



Proof. Follows from an easy induction on the depth of the nodes in h. D 

Note that a bijective A-homoniorphisni is not necessarily a A-isoniorphism. To realise 
this, consider two term graphs g, h, each with one node only. Let the node in g be labelled 
with a and the node in h with b then the only possible a-homomorphism from g to h is 
clearly a bijection but not an a-isomorphism. On the other hand, bijective homomorphisms 
are isomorphisms. 

Lemma 3.10 (bijective homomorphisms are isomorphisms). Let g,h € 0°°{'E) and (j): g -^ 
h. Then the following are equivalent 

(a) (j) is an isomorphism. 

(b) (j) is bijective. 

(c) (j) is injective. 

Proof. The implication (jg) ^ ([b| is trivial. The equivalence ([b| <^ (jg) follows from Lemma lX? 
For the implication (|b| => (jg), consider the inverse (p^^ of (j>. We need to show that <j)^^ is a 
homomorphism from h to g. The root condition follows immediately from the root condition 
for (j). Similarly, an easy equational reasoning reveals that the fact that is honiomorphic 
in N^ implies that (p^^ is homomorphic in N^ D 

3.2 Canonical Term Graphs 

In this section, we introduce a canonical representation of isomorphism classes of term 
graphs. We use a well-known trick to achieve this [12]. As we shall see at the end of this 
section, this will also enable us to construct term graphs modulo isomorphism very easily. 

Definition 3.11 (canonical term graph). A term graph g is called canonical ii n — Vg(n) 
holds for each n G N^ . That is, each node is the set of its positions in the term graph. The 
set of all canonical term graphs over E is denoted Q^{'E,). 

This structure allows a convenient characterisation of A-homomorphisms: 

Lemma 3.12 (characterisation of A-homomorphisms). For g,h E Q^{Y.), a function 
(p: N^ — > N''' is a A-homomorphism (p: g — >a h iff the following holds for all n G iV^.' 

(a) n C (p{n), and (b) lab^(n) — lab'((/)(n)) whenever lab^(n) ^ A. 

Proof. For the "only if" direction, assume that (p: g — >a h. jbj is the labelling condition 
and is therefore satisfied by (p. To establish (jsj), we show the equivalent statement 

Vtt G P(.g). Vn G iV^. tt G n =^ tt G (p{n) 

We do so by induction on the length of tt: If tt = (), then tt G n implies n = r^ . By 
the root condition, we have 0(rS) = r'* and, therefore, tt = () G r'\ If tt = tt' • (i), 
then let n' = nodeg(7r'). Consequently, tt' G n' and, by induction hypothesis, tt' G (p{n'). 
Since tt = tt' ■ (i), we have sucj'(n') — n. By the successor condition we can conclude 
(p{n) = sucf (0(n')). This and tt' G (p{n') yields that tt' ■ (i) G (p{n). 

For the "if" direction, we assume (jsj) and jQ. The labelling condition follows immediately 
from (|b|. For the root condition, observe that since () G r^, we also have () G (p{r^). Hence, 
(p{r^) = r^ . In order to show the successor condition, let ti, n' G N^ and < i < 3fg{n) such 
that sucf (n) = n' . Then there is a position tt G n with tt • (i) G n' . By (jg), we can conclude 
that TT G (p{n) and tt • (i) G <p{n') which implies that sucf ((/)(n)) = <p{n'). D 
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By Proposition 13.81 there is at most one A-homoniorphism between two term graphs. 
The lemma above uniquely defines this A-homomorphism: If there is a A-homomorphism 
from g to h, it is defined by (f>{n) = n' , where n' is the unique node n' G N^ with n C n' . 

Remark 3.13. Note that the lemma above is also applicable to non-canonical term graphs. 
It simply has to be rephrased such that instead of just referring to a node n, its set of 
positions Vg{n) is referred to whenever the "inner structure" of n is used. 

The set of nodes in a canonical term graph forms a partition of the set of positions. Hence, 
it defines an equivalence relation on the set of positions. For a canonical term graph g, we 
write ~g for this equivalence relation on V{g). According to Remark 13.131 we can extend 
this to arbitrary term graphs: tti ^g 7r2 iff nodeg(7ri) = nodeg(7r2). The characterisation of 
A-homomorphisms can thus be recast to obtain the following lemma that characterises the 
existence of A-homomorphisms: 

Lemma 3.14 (characterisation of A-homomorphisms). Given g,h G Q°°{Yj), there is a 
A-homomorphism 4>: g — >a h iff, for all tt, tt' G V{g), we have 

(a) TT ^g tt' =^ TT '^h T^' , 0-nd (b) g{TT) — H^tt) whenever (?(7r) ^ A. 

Proof. W.l.o.g. we assume g and h to be canonical. For the "only if" direction, assume 
that is a A-homomorphism from g to h. Then we can use the properties (jlj) and jbj of 
Lemma [3. 121 which we will refer to as (jlj) and (|bl) to avoid confusion. In order to show (gj), 
assume tt ~g tt' . Then there is some node n e N^ with tt,tt' G n. (jaf) yields tt, tt' € 4'i''^) 
and, therefore, tt ^g tt'. To show ([b]), we assume some tt G Vig) with (/(tt) ^ A. Then we 
can reason as follows: 

g{TT) = \ah^{nodeg{TT)) 1^ lab''((/)(nodeg(7r))) 1' lab'' (node,, (tt)) = H^tt) 

For the converse direction, assume that both (jsj) and (|b| hold. Define the function 
(j): N3 ^ N'^ hy (j){n) = n' iff n C n' for all n £ N^ and n' e iV*. To see that this is well- 
defined, we show at first that, for each n G N^, there is at most one n' G N'^ with n C n'. 
Suppose there is another node n" G iV'* with n C n" . Since n 7^ 0, this implies n' D n" ^ 0. 
Hence, n' ~ n" . Secondly, we show that there is at least one such node n' . Choose some 
TT* G n. Since then tt* ^g tt* and, by (jlJ), also tt* ^h tt* holds, there is some n' G N^ with 
TT* G n' . For each tt G 71, we have tt* ~g tt and, therefore, tt* '^h t^ by (jaj). Hence, tt G n' . 
So we know that (f) is well-defined. By construction, (f) satisfies (jaf). Moreover, because of 
([b|, it is also easily seen to satisfy jbl). Hence, <^ is a homomorphism from g to h. D 

Intuitively, (a) means that h has at least as much sharing of nodes as g has, whereas (b) 
means that h has at least the same non-A-symbols as g. 

Corollary 3.15 (characterisation of A- isomorphisms). Given g,h G Q°°{T^), the following 
holds: 

(i) (p: N^ — > N^ is a A-isomorphism iff for all n G N^ 

(a) Vh{(t'{n)) = Pg{n), and (b) lab^(7i) = Uh^\cj){n)) or \zh^{n), \zh^{cj){n)) G A. 

(a) g ^A h iff (a) r^g = --,,, and (b) g(7r) = h{TT) or 5(71), ft,(7r) G A. 

Proof. Immediate consequence of Lemma 13. 12l resp. Lemma [3.141 and Proposition l3.81 D 
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From ([u]) wc immediately obtain the following equivalence: 

Corollary 3.16. Given g,h £ Q°°{J^) and a € S^^^ we have g ^ h iff g =3. h. 

Now we can revisit the notion of canonical term graphs using the above characterisation 
of A-isomorphisms. We will define a function C(-): Q°°(Yi) — > Q^{Y.) that maps a term 
graph to its canonical representation. To this end, let g — (A^, lab, sue, r) be a term graph 
and define C{g) — {N' , lab', sue', r') as follows: 

N' ^{Vg{n)\neN} r' = Vg{r) 

lab'(7'g(n)) = lab(n) suc-(7'g(n)) = Pg(suCi(n)) for aU n G A^, < i < arg(n) 

C{g) is obviously a well-defined canonical term graph. With this definition we indeed capture 
the idea of a canonical representation of isomorphism classes: 

Proposition 3.17 (canonical partial term graphs are a canonical representation). Given 
g € tJ°°(S), the term graph C{g) canonically represents the equivalence class [g]^. More 
precisely, it holds that 

(i) [g]^ = [C{g)]^, and (ii) [g]^ = [h]^ iff C{g) = C{h). 

In particular, we have, for all canonical term graphs g, h, that g — h iff g = h. 

Proof. Straightforward consequence of Corollary [nmi D 

Remark 3.18. A-homomorphisms can be naturally lifted to 5°°(S)/^: We say that two 
A-homomorphisms (f): g -^a h, 4>' : g' — >a h', are isomorphic, written cf) = (f)' iS there 
are isomorphisms tpi'- 9 ~^ 9' 3.nd ip2'- h' ^ h such that (j) = 11)2 o (p' o ipi. Given a 
A-homomorphism <j): g — ^a h in Q°°{'S), [0]^: [g]^ — >a [h]^ is a A-homomorphism in 
^°°(E)/c^. These A-homomorphisms then form a category which can easily be show to be 
isomorphic to the category of A-homomorphisms on Qq^{T,) via the mapping [■]si- 

Corollary 13.15! has shown that term graphs can be characterised up to isomorphism by 
only giving the equivalence '^g and the labelling g{-): n t-^ 5 ('"')■ This observation gives rise 
to the following definition: 

Definition 3.19 (labelled quotient tree). A labelled quotient tree over signature S is a triple 
(P, ^,~) consisting of a non-empty set P C N*, a function I: P — ^ E, and an equivalence 
relation ~ on P that satisfies the following conditions for all tt, tt' £ P and i gN: 

TT ■ (i) E P =^ TT G P and i < ar(/(7r)) (reachability) 

, I 1(tt) ~ 1(tt') and , , 

TT ^ TT =^ < (congruence) 

[n ■ {j) ^ n' ■ {j) for all J < ar(;(^)) 

The following lemma confirms that labelled quotient trees uniquely characterise any term 
graph up to isomorphism: 

Lemma 3.20. Each term graph g G 5°°(E) induces a canonical labelled quotient tree 
{'P{g),g{-), ^g) over E. Vice versa, for each labelled quotient tree (P, I, ~) over E there is a 
unique canonical term graph g G 5,3° (E) whose canonical labelled quotient tree is (P, ^,~), 
i.e. V{g) = P, g{Tr) = l{Tr) for all tt £ P, and ^g = ~. 
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Proof. The first part is trivial: {'P{g),g{-),^g) satisfies tfie conditions from Definition 13. 191 
Let {P, I, ~) be a labelled quotient tree. Define the term graph g = (N, lab, sue, r) by 



N = P/r^ 


lab(n) = / 


iff 


Btt G n. 1(tt) : 


= / 


n iff e n 


suci(n) = n' 


iff 


EItt G n. TT ■ (i 


)Gn' 



The functions lab and sue are well-defined due to the congruence condition satisfied by 
(P, /,~). Since P is non-empty and closed under prefixes, it contains (). Hence, r is well- 
defined. Moreover, by the reachability condition, each node in N is reachable from the root 
node. An easy induction proof shows that 'Pg{n) = n for each node n £ N. Thus, 5 is a well- 
defined canonical term graph. The canonical labelled quotient tree of g is obviously (P, /, ~). 
Whenever there are two canonical term graphs with labelled quotient tree (P, I, ^), they are 
isomorphic due to Corollarv l3.15l and. therefore, have to be identical by Proposition l3.17l D 

Labelled quotient trees provide a valuable tool for constructing canonical term graphs. 
Nevertheless, the original graph representation remains convenient for practical purposes 
as it allows a straightforward formalisation of term graph rewriting and provides a finite 
representation of finite cyclic term graphs which induce an infinite labelled quotient tree. 

Before we continue, it is instructive to make the correspondence between terms and term 
graphs clear. Note, that there is an obvious one-to-one correspondence between canonical 
term trees and terms. For example, the term tree depicted in Figure [Tal corresponds to the 
term f{a,h{a,b)). We thus consider the set of terms T°°(S) to be the subset of canonical 
term trees of 5^(E). 

With this correspondence in mind, we can define the unravelling of a term graph g as 
the unique term t such that there is a homomorphism 0: t ^f g. The unravelling of cyclic 
term graphs yields infinite terms, e.g. in Figure [5] on page 1301 the term h^^ is the unravelling 
of the term graph 52- We use the notation U {g) for the unravelhng of g. 

Another convenience for dealing with term graphs is a linear notation that makes it easy 
to write down (canonical) term graphs instead of using the formal definition or a drawing. 
The notation that we use is based on the linear notation for graphs by Barendregt et al. [7] : 

Definition 3.21. Let S be a signature, TV a countably infinite set (of names) disjoint from 
E and S a signature such n G S^°^ and /, /" G Y.'-^^ for each n eJV, k €N and / G S'''^ A 
linear notation for a canonical term graph in ^^(S) is a term t G 7~°°(S) such that for each 
n G Af that occurs in t, there is exactly one occurrence of a function symbol of the form /I"' 
in t. 

For each such linear notation t we define the corresponding canonical term graph g as 
follows: Consider the term tree representation of t with the root node r. Redirect every 
edge to a node labelled n to the unique node labelled /["]. Then, change all labellings of 
the form /" to /. After removing all nodes not reachable from the node r, define g as the 
canonical term graph of the thus obtained term graph rooted in r. 

We use n, m and primed resp. indexed variants thereof to denote names in J\f. 

Intuitively, in a linear notation for a term graph, a subterm n denotes a pointer to a 
subterm with the corresponding name n, i.e. a subterm of the form /"(ii, . . . , tfc). 

Example 3.22. Consider the term graph in Figure [Tel This term graph can be described 
by the linear notation /["il(/i["=^l(ni, c["='l), /(na, ng)). On the other hand, /["il("i."2) and 
/(a["l,6["l) are not valid linear notations. 
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Note that every term t G T°°(S) is a linear notation for the corresponding term tree in 

4 Partial Order on Term Graphs 

In this section, we want to estabhsh a partial order suitable for formalising convergence of 
sequences of canonical term graphs similarly to p-convergence on terms. 

In previous work, we have studied several different partial orders on term graphs and 
the notion of convergence they induce [B] . All of these partial orders have in common that 
they are based on _L-homomorphisms. This approach is founded on the observation that if 
we consider terms as term trees, then ±-homomorphisms characterise the partial order on 
terms: 

s <±_ t <=4> there is a ±-homomorphism 0: s — >j^ t. 

Thus _L-homomorphisnis constitute the ideal tool to define a partial order on partial term 
graphs, i.e. term graphs over the signature I]_l = S I±) {_L}. 

In this paper, we focus on the simplest among these partial orders on term graphs: 

Definition 4.1. The relation <^ on t/°^(I]^) is defined as follows: g <^ h iff there is a 
_L-honiomorphism cj): g -^± h. 

Proposition 4.2 (partial order <^). The relation <J is a partial order on Q^{'E,±). 

Proof. Transitivity and reflexivity of <2^ follows immediately from Proposition 13.81 For 
antisymmetry, consider g,h E Q^^S^) with g <^ h and h <^ g. Then, by Proposition 13. 81 
g =j_ h. This is equivalent to g = h hy CoroUarv 13.161 from which we can conclude g = h 
using Proposition 13. 171 D 

In our previous attempts to formalise convergence on term graphs [S], this partial order 
was rejected as the induced notion of convergence manifests some unintuitive behaviour. 
However, as we will show in Section |7.4[ theses quirks will vanish when we move to strong 
convergence. 

Before we study the properties of the partial order <^, it is helpful to make its charac- 
terisation in terms of labelled quotient trees explicit: 

Corollary 4.3 (characterisation of <^). Let g,h E Q^{'Ej_). Then g <^ h iff the following 
conditions are met: 

(a) -K ^g -k' =^ TT ^/i tt' for all tt, tt' G 'P{g) 

(b) g{TT) — ^(tt) for all n G Vi^g) with g^n) G S. 

Proof. This follows immediately from Lemma 13.141 D 

Note that the partial order <j^ on terms is entirely characterised by (|b|. That is, the 
partial order <2^ is simply the partial order <j^ on its underlying tree structure (i.e. its 
unravelling) plus the preservation of sharing as stipulated by (jg) . 

Next, we will show that the partial order on term graphs has the properties that make 
it suitable as a basis for p-convergence, i.e. that it forms a complete semilattice. At first we 
show its cpo structure: 
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Theorem 4.4. The relation <^ is a complete partial order on Q^{Y.±). In particular, 
it has the least element _L, and the least upper bound of a directed set G is given by the 
following labelled quotient tree (P, Z,~); 

^ ^ J- otherwise 

g£G geG K 

Proof. The least element of <^ is obviously _L. Hence, it remains to be shown that each 
each directed subset of Q^{T^±) has a least upper bound. To this end, suppose that G is 
a directed subset of Q^{I]±). We define a canonical term graph 'g by giving the labelled 
quotient tree (-P, I, ~) 

In order to show that the canonical term graph g given by the labelled quotient tree 
(P, I, ~) above is indeed the lub of G, we will make extensive use of Corollarv l4.3l Therefore, 
we use (jaj) and (jbj to refer to the conditions mentioned there. 

At first we need to show that I is indeed well-defined. For this purpose, let (71,(72 G G 
and TT e Vigi) n V{g2) with 51 (tt), 32(71") e E. Since G is directed, there is some g G G such 
that 51, (?2 <i^ (?■ By (jb|, we can conclude gi{n) — g{Tr) = 52 (tt)- 

Next we show that (P, I, ~) is indeed a labelled quotient tree. Recall that ~ needs to be 
an equivalence relation. For the reflexivity, assume that tt G P. Then there is some .geG 
with TT G 'P{g). Since ~g is an equivalence relation, t: '^g n must hold and, therefore, tt ~ tt. 
For the symmetry, assume that tti ^ 7r2. Then there is some g £ G such that tti ~g tt2- 
Hence, we get tt2 ~g tti and, consequently, tt2 ^ tti. In order to show transitivity, assume 
that TTi r^ iT2,TT2 ~ TTs. That is, there are 51,52 G G with tti ~gj 7r2 and 7r2 ~g2 tts. Since 
G is directed, we find some g £ G such that 51,32 <i^ 5- By (jsj), this implies that also 
TTi '^-"g 7r2 and 712 ~g tts. Hence, tti '--^g tts and, therefore, tti '^ tts. 

For the reachability condition, let tt- (z) G P. That is, there is a 5 G G with tt- (i) G P{g)- 
Hence, tt G V{g), which in turn implies tt G P. Moreover, tt • (i) G P(5) implies that 
z < ar(5(7r)). Since 5(7r) cannot be a nuUary symbol and in particular not _L, we obtain that 
1{tt) = 5(7r). Hence, i < ar(Z(7r)). 

For the congruence condition, assume that tti '^ tt2 and that /(tti) = /. If / G S, then 
there are 51,52 £ G with tti ^^^ 7r2 and 52(7ri) = /. Since G is directed, there is some 
5 G G such that 51,52 <^ 5. Hence, by (jlj) resp. ([b|, we have tti '--^g 7r2 and 5(7ri) = /. 
Using Lemma I3.2UI we can conclude that g{TT2) = gij^i) = f and that tti ■ (i) '^g 1^2 ■ (i) for 
all i < ar(5(7ri)). Because 5 G G, it holds that 1{tt2) — f and that tti • (i) ^ tt • (i) for all 
i < ar(Z(7ri)). If / = ±, then also 1(712) = -L, for if ^(772) = /' for some /' G S, then, by the 
symmetry of ~ and the above argument (for the case / G S), we would obtain / = /' and, 
therefore, a contradiction. Since _L is a nuUary symbol, the remainder of the condition is 
vacuously satisfied. 

This shows that (P, I, ^) is a labelled quotient tree which, by Lemma 13.201 uniquely 
defines a canonical term graph. In order to show that the thus obtained term graph 5 is an 
upper bound for G, we have to show that 5 <^ 5 by establishing (jaj) and ([b|. This is an 
immediate consequence of the construction. 

In the final part of this proof, we will show that 5 is the least upper bound of G. For this 
purpose, let 5 be an upper bound of G, i.e. 5 <^ 5 for all g £ G. We will show that 5 <^ 5 
by establishing (jg) and ([b|. For (jg), assume that tti '^ 7r2. Hence, there is some 5 G G with 
TTi ^g 7^2- Since, by assumption, 5 <^ 5, we can conclude tti ^^ 1^2 using (jaj). For (|b|, 
assume tt £ P and 1{tt) = / G S. Then there is some g £ G with g{TT) — f. Applying (jbj) 
then yields 5(7r) = / since 5 <^ 5. D 
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The following proposition shows that the partial order <^ also admits gibs of arbitrary 
non-empty sets: 

Proposition 4.5. In the partially ordered set {Q^{T,±), <j_) every non-empty set has a gib. 
In particular, the gib of a non-empty set G is given by the following labelled guotient tree 



P={nef] V{g) 



geG 



Vtt' < n3f e SiV5 G G : ^(Tr') = / 



_L otherwise ' ' 

\ setr 

Proof. At first we need to prove that (P, I, ^) is in fact a well-defined labelled quotient tree. 
That ~ is an equivalence relation follows straightforwardly from the fact that each ~g is an 
equivalence relation. 

Next, we show the reachability and congruence properties from Definition l3.19l In order 
to show the reachability property, assume some tt • (i) S P. Then, for each tt' < tt there is 
some /tt' € Sj. such that g{Tr') — fj^i for all g ^ G. Hence, n G P. Moreover, we have in 
particular that i < ar(/^) = ar{l{n)). 

For the congruence condition, assume that tti ~ 7r2. Hence, tti ^g ^2 for all g G G. 
Consequently, we have for each g E G that g{T^i) ~ §{'^2) and that tti • {i) ^g 7r2 • (?) for all 
i < ar{g{7Ti)). We distinguish two cases: At first assume that there are some gi, 52 G G with 
3i(7ri) 7^ ff2(7i'i)- Hence, 1{tt2) = -L. Since, we also have that gi{TT2) = ffi(7ri) y^ 52(7i'i) = 
52(7r2) we can conclude that 1(^2) — J- = l{Tri). Since ar(±) = we are done for this case. 
Next, consider the alternative case that there is some / e S^ such that g{Tri) = f for all 
g € G. Consequently, Z(7ri) = / and since also 5(712) = g(7ri) = / for all g E G, we can 
conclude that 1{tt2) = / = U'^'i)- Moreover, we obtain from the initial assumption for this 
case, that tti • (i),7r2 • (i) G P for all i < ar(/) which implies that tti • (i) ~ 7r2 • (i) for all 
i < ar(/) ^ ar(;(7ri)). 

Next, we show that the term graph g defined by (P, /, ^) is a lower bound of G, i.e. that 
g <^ g for all g & G. By Lemma [3.141 it suffices to show ~ n P x P C ^^ and /(tt) — g{7r) 
for all TT G P with 1{tt) G S. Both conditions follow immediately from the construction of 5. 

Finally, we show that g is the greatest lower bound of G. To this end, let g G Qq'{Tj±) 
with 'g <^ g for each g E G. We will show that then g <^ g using Lemma 13.141 At 
first we show that P{g) C P. Let tt G V{g). We know that ^(Tr') G E for aU tt' < tt. 
According to Lemma [3.141 using the assumption that 'g <^ g for all g G G, we obtain that 
g{TT') — g{TT') for all tt' < tt. Consequently, tt G P. Next, we show part (jsj) of Lemma [3. 141 
Let TTi, 7r2 G VCg) C P with tti ~^ tt2. Hence, using the assumption that g is a lower bound 
of G, we have tti ~g tt2 for all g G G according to Lemma 13.141 Consequently, tti ^ tt2. For 
part (|b| of Lemma [3. 141 let tt G P(g) C P with ^(Tr) = / G E. Using Lemma [3. 141 we obtain 
that g(7r) = / for all g G G. Hence, /(tt) = /. D 

From this we can immediately derive the complete semilattice structure oi <^: 

Theorem 4.6. The partially ordered set (fJ^(E^), <^) forms a complete semilattice. 

Proof. Follows from Theorem 14.41 and Proposition [331 D 
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/ ^ / — / ^ / / 

/\ /\ I) /\ 

c c c c c c c c 

(go) (ffi) (52) (54) i9u) 

Figure 2: Limit inferior in the presence of acyclic sharing. 



In particular, this means that the limit inferior is defined for every sequence of term 
graphs. Moreover, from the constructions given in Theorem 14.41 and Proposition 231 we can 
derive the following direct construction of the limit inferior: 

Corollary 4.7. The limit inferior of a sequence (5t)t<c( over Q^{Y,±) is given by the fol- 
lowing labelled quotient tree (P, ~,^); 

P^ [j {ire Pi9f,) I^tt' < W/? < i < a: g,K) = gp{n')} 

P<a 

U n -..jnPxP 

I _L otherwise 

In particular, given /3 < a and tt G 'P{gp), we have that g{'n) = g^in) if gi{'K') — gpiT^') for 
all tt' < TT and (3 < l < a. 

Example 4.8. Figure [5cl on page 1501 illustrates a sequence of term graphs (/iJk^^. Except 
for the edge to the root that closes a cycle each term graph /i^ as a tree structure. Since 
this edge is pushed down as the sequence progresses, it vanishes in the the limit inferior of 
{hi.)i<uj, depicted as h^^ in Figure [5cl 

Changing acyclic sharing on the other hand exposes an oddity of the partial order <j_. 
Let (5t)t<w be the sequence of term graphs illustrated in Figure [21 The sequence alternates 
between go and gi which differ only in the sharing of the two arguments of the / function 
symbol. Hence, there is an obvious homomorphism from go to gi and we thus have go <^ 
gi. Therefore, go is the greatest lower bound of every suffix of {gi)t<ui, which means that 
limini.^^g, = go- 



5 Metric Spaces 

In this section, we shall define a metric space on canonical term graphs. We base our 
approach to defining a metric distance on the definition of the metric distance d on terms. 
Originally, Arnold and Nivat [3^ used a truncation t \d of terms to define the metric on 
terms. The truncation of a term t at depth d replaces all subterms at depth d by _L: 

t\0 = ±, fiti,...,tk)\d+l = f{ti\d,...,tk\d), tfoo^t 
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The similarity of two terms, on which the metric distance d is based, can thus be char- 
acterised via truncations: 

sim(s,t) == max{d e NU {cx)} \s\d = t\d} 

We wiU adopt this approach for term graphs as weU. To this end, we wiU first define 
abstractly what a truncation on term graphs is and how a metric distance can be derived 
from it. Then we show a concrete truncation and show that the induced metric space is in 
fact complete. We will conclude the section by showing that the metric space we considered 
is robust in the sense that it is invariant under small changes to the definition of truncation. 

5.1 Truncation Functions 

As we have seen above, the truncation on terms is a function that, depending on a depth 
value d, transforms a term t to a term t\d. We shall generalise this to term graphs and 
stipulate some axioms that ensure that we can derive a metric distance in the style of 
Arnold and Nivat [3J: 

Definition 5.1 (truncation function). A family t — {rd'. Q°°{'E,±) — > 5°°(S^))£i£pju{oo} of 
functions on term graphs is called a truncation function if it satisfies the following properties 
for all g,he 5°°(S_l) and d e N U {oo}: 

(a)To(5) = -L, (b) Too (5) =3, and {c) Td(g) = Td{h) =^ Te{g) ^ Te{h) for aU e < d. 

Note that from axioms (|b| and (|c| it follows that truncation functions must be defined 
modulo isomorphism, i.e. g = h implies Td{g) = Td{h) for all d e N U {00}. 

Given a truncation function, we can define a distance measure in the style of Arnold and 
Nivat: 

Definition 5.2 (truncation-based similarity /distance). Let t be a truncation function. The 
T-similarity is the function sim^ : Q°°{Yj±^ x (?°°(Ex) ^ N U {cxo} defined by 

s\mr{g^ h) — max {d G N U {00} | Td[g) ^ Td{h) } 

The T-distonce is the function d^: g°°(S_L)x^°°(E_L) ^ K+ defined by d^(g, /i) ^ 2-='^-(9'''), 
where 2~°° is interpreted as 0. 

Observe, that the similarity simT-((7, h) induced by a truncation function r is well-defined 
since the axiom (jlj) of Definition 15.11 guarantees that the set {rf G N U {cxo} | Td{g) = Td{h) } 
is not empty. The following proposition confirms that the r-distance restricted to Q^{Tj) is 
indeed an ultrametric: 

Proposition 5.3 (truncation-based ultrametric). For each truncation Junction t, the r- 
distance d^ constitutes an ultrametric on Qq'{Y,). 

Proof. The identity resp. the symmetry condition follow by 

dT-((7,/i) = <;=> sim7-(5, /i) = 00 <==^ Too (.9) = Too (/i) <^=^ 9 — h <^=?^ g = h, and 
dr{g,h) = 2-''"'^^a.h) ^ 2-=i'"-('''9) = dr{h,g). 
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The equivalence (*) is valid by axiom ([b| of Dcfinition l5.ll For the strong triangle condition 
we have to show that 

s\mr{gi,g3) > niin{sim^(5i,.g2),sim^(g2,g3)} • 

With d = min{simT-(gi,52), sim^((72,.93)} we have, by axiom (jcj) of Definition 15.11 that 
Td{gi) = Td{g2) and Td{g2) = ^^(33). Since we have that Td{gi) ^ Tdigs) then, we can 
conclude that s\mr{gi,g2) > d. D 

Given their particular structure, we can reformulate the definition of Cauchy sequences 
and convergence in metric spaces induced by truncation functions in terms of the truncation 
function itself: 

Lemma 5.4. For each truncation function t, each g G {Q'q' {T,) , At) , and each sequence 
(fft)t<Q *^ (0c°(^)''^t) the following holds: 

(i) ((?t)t<Q is Cauchy iff for each d G N there is some /3 < a such that 1^(5^) = Td{gi) for 
all j3 < j,i < a. 

(a) {gi)L<cx converges to g iff for each d G N there is some j5 < a such that Td{g) = Td{gi.) 
for all P < L < a. 

Proof. We only show (i) as (ii) is essentially the same. For "only if" direction assume that 
{gt.)t.<a is Cauchy and that d G N. We then find some /3 < a such that dT{g.y,gi,) < 2~'^ 
for all /3 < 7, t < a. Hence, we obtain that simT-(g^,5,,) > d for all /3 < 7, t < a. That 
is, Te^g-y) = Te{gi) for some e > d. According to axiom (jg) of Definition 15.11 we can then 
conclude that Td{g-y) = Td{gi) for all /3 < 7, t < a. 

For the "if" direction assume some e G M'^. Then there is some d G N with 2^'^ < e. 
By the initial assumption we find some (3 < a with Td{g~j) = Td{gi) for all /3 < 7,4 < a, 
i.e. si rriT- (37,51) > d. Hence, we have that dr{g-y,gL) = 2^™^'^^'''^''' < 2~'^ < e for all 
/3 < 7, t < Q. D 

5.2 The Strict Truncation and its Metric Space 

In this section, we consider a straightforward truncation function that simply cuts off all 
nodes at the given depth d. 

Definition 5.5 (strict truncation). Let g G Q°°{'S±) and d G NU{oo}. The strict truncation 
g\d oi g at d is a term graph defined by 

NS^'^ ^ {n G N3 I depthg(n) < d} r^f^^ = r^ 

lab»f''(n) = / '^''"^"^ '^ depthg(n) < d ^^^g\dr. ^ isuc3{n) if depthg(n) < d 
^ ' \± if depthg(n) =d ^ ' \{) if depthg(n) = d 

Figure [3] on page ?IB\ shows a term graph g and its strict truncation at depth 2. Note 
that a node can get truncated even though its successor is retained. 

One can easily see that the truncated term graph g \d is obtained from g by relabelling all 
nodes at depth d to -L, removing all their outgoing edges and then removing all nodes that 
thus become unreachable from the root. This makes the strict truncation a straightforward 
generalisation of the truncation on terms. 

The strict truncation indeed induces a truncation function: 
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Proposition 5.6. Let \ be the Junction with \^{g) = g\d. Then \ is a truncation function. 

Proof, (jsj) and (|b| of Definition 15.11 follow immediately from the construction of the trun- 
cation. For (jcj) assume that g\d = h\d. Let < e < d and let 0: g\d — > h\d be the 
witnessing isomorphism. Note that strict truncations preserve the depth of nodes, i.e. 
depth ►^(n) = depth (n) for all n G N^^'^. This can be shown by a straightforward in- 
duction on depth (n). Moreover, by Corollary 13.151 also isomorphisms preserve the depth of 
nodes. Hence, 

depth^(0(n)) = depth,,frf(0(n)) = depthg^^i^i) ^ depth<,(n) for all n e N^^^^ 

Restricting (j) to the nodes in g\e thus yields an isomorphism from g\e to h\e. D 

Next we show that the metric space {Q^{'S),d^) that is induced by the truncation 
function \ is in fact complete. To do this, we give a characterisation of the strict truncation 
in terms of labelled quotient trees. 

Lemma 5.7 (labelled quotient tree of a strict truncation). Let g G Q°°{'S±) and d € 
NU{oo}. The strict truncation g\d is uniquely determined up to isomorphism by the labelled 
quotient tree (P, I, ~) with 

(a) P = {tt e Vig) I Vtti < 7rEl7r2 ^g tti with |7r2| < d}, 

fb) Un) = h^'^^ ^^^^' '"^ ^ ^^^^ ''^'' "^ ^ 
1 1. otherwise 

(C) ^^^gOPxP 

Proof. We just have to show that (P, I, ^) is the canonical labelled quotient tree induced by 
g\d. Then the lemma follows from Lemma 13.201 The case d = oo is trivial. In the following 
we assume that d E N. 

Before continuing the proof, note that 

for each tt G P{g\d) we have that tt G P{g) and nodegf(i(7r) ~ nodeg(7r). {*) 

This can be shown by an induction on the length of tt: The case tt = () is trivial. If tt — tt' ■ (i) , 
let n = nodegf(j(7r') and m = nodegfrf(7r). Hence, m = sucf (n) and, by construction of g|"d, 
also m = sucf{n). Since by induction hypothesis n = nodeg(7r'), we can thus conclude that 
TT G ^{g) and that nodeg(7r) = m = nodegfd(7r). 

(jlj) P = V{g\d). For the "C" direction let tt E P. To show that tt G P{g\d), assume a 
TTi < TT and let n — nodeg(7ri). Since tt G P, there is some n2 '^g tti with |7r2| < d. That 
is, depth (n) < d. Therefore, we have that n G N^^'^ and suc^^'^{n) — suc^(n). Hence, each 
node on the path tt in (^ is also a node in g\d and has the same successor nodes as in 5. That 
is,7reVig\d). 

For the "D" direction, assume some n G 7^(5 fd). By Q, tt is also a position in g. To 
show that TT G P, let tti < tt. Since only nodes of depth smaller than d can have a successor 
node in g\d, the node nodegf(j(7ri) in g\d is at depth smaller than d. Hence, there is some 
"'2 '^g\d TTi with \7T2\ < d. Because tt2 '^g\d TT implies that tt2 ~g tt, we can conclude that 

TTG P. 

jbl l{n) = g[-K) for all n E P. Let tt G P and n = nodeg(7r). We distinguish two 
cases. At first suppose that there is some tt' ~g n with |7r'| < d. Then l{n) = g{Tr). 



20 



Since n = nodeg(7r'), we have that depth (n) < d. Consequently, lab^'^ (n) — lab^(n) and, 
therefore, g\d{n) = g{TT) = ^(tt). In the other case that there is no tt' ^g tt with |7r| < d, we 
have 1{tt) = ±. This also means that depth (n) = d. Consequently, g\d{'K) = lab^^ (n) = 
± = ?(7r). 

(jg) ^ = ^g\d- Using the fact that P = V{g\d), we can conclude for all tti, 7r2 G P that 

Ti"! ^g\d 7r2 <;=4> nodeg[d(7ri) = nodeg[d(7r2) <;=> nodeg(7ri) = nodeg(7r2) ^^=^ tti ~g 7r2 

D 

Notice that a position n is retained by a truncation, i.e. tt e P, iff each node that n 
passes through is at a depth lower than d (and is thus not truncated or relabelled). 

From this characterisation we immediately obtain the following relation between a term 
graph and its strict truncations: 

Corollary 5.8. Let g e g°°{J:±) and d e NU {oo}. Then 

(i) TT £ ^{g) ijf TT E V{g\d) for all n with \tt\ < d, and 

(a) g\d{'K) — gi'K) for all tt G 'P(g) with |7r| < d. 

Proof. Using the reflexivity of ^g , ^ follows immediately from Lemma 15.71 (jlf , and ([u]) 
follows immediately from Lemma 15.71 dbjl . D 

We can now show that the metric space induced by the strict truncation is complete: 

Theorem 5.9. The metric space (^^(E),df) is complete. In particular, each Cauchy 
sequence {gc)c<a in (Sc^i^), df) converges to the canonical term graph given by the following 
labelled quotient tree {P,l,^): 

P = liminfP(gO= U fl Pig,) - = lim inf ^g, = M fl ^g^ 

P<a p<i<a p<a l3<L<a 

1{tt) ~ 5/3 (tt) for some (3 < a with giXn) — gpiir) for each j3 < i < a for all tt E P 

Proof. We need to check that (P, /, ~) is a well-defined labelled quotient tree. At first we 
show that I is a well-defined function on P. In order to show that I is functional, assume 
that there are /3i,/32 < ct such that there is a tt with gi{n) = gpki'^) foi' ^^1 Pk 1^ i' < ct, 
= 1,2. but then g^^in) = gpin) = g/32(7r) for /3 = max{/3i, /?2}. 

To show that I is total on P, let tt G P and d= \n\. By Lemma WM there is some /3 < a 
such that g^\d + 1 ^ g^ fd + 1 for all /3 < 7, i < a. According to CoroUarv 15.81 this means 
that all (7t for /3 < i < a agree on positions of length smaller than d -t- 1, in particular tt. 
Hence, (7i(7r) = gp{Tr) for all /3 < t < a, and we have /(tt) = ^^(Tr). 

One can easily see that ~ is a binary relation on P: If tti ^ 7r2, then there is some 
/3 < a with TTi ^g^ TT2 for all /3 < t < a. Hence, tti, 7r2 G P{gi.) for all (3 < l < a and thus 

7''l,7r2 € P. 

Similarly follows that ~ is an equivalence relation on P: To show reflexivity, assume 
TT G P. Then there is some (3 < a such that tt G P(5t) for all /3 < t < a. Hence, tt ~g^ tt 
for all /3 < (. < a and, therefore, tt ~ tt. In the same way symmetry and transitivity follow 
from the symmetry and transitivity of ^g^ . 

Finally, we have to show the reachability and the congruence property from Defini- 
tion l3.19l To show reachability assume some n-{i) G P. Then there is some (3 < a such that 
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TT ■ (i) E Vig,,) for all f3 < i < a. Hence, since then also tt S V{gi,) for all /? < i < a, we have 
TT S P. According to the construction of I, there is also some /3 < 7 < a with g-f{TT) — 1{tt). 
Since tt • («) S 'P[g-y) we can conclude that z < ar(^(7r)). 

To establish congruence assume that tti ^ 7r2. Consequently, there is some /3 < 7 such 
that TTi ^g^ 7r2 for all /? < i < a. Therefore, we also have for each (3 < u < a that 
TTi ■ (z) '^g^ 7r2 ■ (i) and that gi{'Ki) ~ gi{'^2)- From the former we can immediately derive 
that TTi • (i) ^ 772 ■ («)• Moreover, according to the construction of I, there some /3 < 7 < a 
such that ^TTi) = 57(771) = 57(772) = ^(772). 

This concludes the proof that (P, Z, ■^) is indeed a labelled quotient tree. Next, we 
show that the sequence {gi)u<a converges to the thus defined canonical term graph g. By 
Lemma W^ this amounts to giving for each d G N some /3 < a such that g\d = 5,, \d for each 
P < b < a. 

To this end, let d G N. Since {g,.)L<ca is Cauchy, there is, according to Lemma 15^ some 
P < a such that 

g^ I'd ^ f;^, I'd for all P < l,l' < a. (1) 

In order to show that this implies that g\d = gi,\d for each /3 < i < a, we show that the 
respective labelled quotient trees of g \d and g^ \d as characterised by Lemma 15.71 coincide. 
The labelled quotient tree (Pi, Zi, ~i) for g\d is given by 

Pi =={77GP|V77i <773772 -771 : I772I <d} ,,, fZ(77) if 377' ~ 77 : |77' | < rf 

tl(77) = < 

^i^'^nPixPi 1_L otherwise 

The labelled quotient tree (P2, ^2,^2) fo^' each 5,, \d is given by 

P^={77GP(.90|V77i <773772-g, 771 : I772I <d} „, , (5,(77) if 377' ~„^ 77 : |77' | < d 

'9(7'') — \ 

-2 = '^ n P2 X P2' [_L otherwise 

Due to (U)), all {P2, I2, ^2) with /3 < l < a are pairwise equal. Therefore, we write (P2, I2, ^2) 
for this common labelled quotient tree. That is, it remains to be shown that (Pi, li, ^1) and 
(P2, ^2,^2) are equal. 

(a) Pi = P2. For the "C" direction let 77 G Pi. If 77 = (), we immediately have that 
77 G P2. Hence, we can assume that 77 is non-empty. Since 77 G Pi implies 77 G P, there is 
some /3 < P' < a with 77 G P{gi.) for all /3' < i < a. Moreover this means that for each 
771 < 77 there is some 772 ^ 77i with I772I < d. That is, there is some /?' < 7^^ < a such that 
i'2 ~g, ""i for all 7^j^ < L. < a. Since there are only finitely many proper prefixes 771 < 77 but 
at least one, we can define 7 = max {7^^ 1 771 < 77 } such that we have for each 771 < 77 some 

T^2 ~g.^ TTi with |772| < d. HCUCC, 77 G P2'^ = P2 . 

To show the converse direction, assume that 77 G P2. Then 77 G PI C P(5,,) for all 
/3 < i < a. Hence, 77 G P. To show that 77 G Pi, assume some 771 < 77. Since 77 G P2 , 
there is some 772 '^g^, 77i with [772 1 < d. Then 771 G P2 because P2 is closed under prefixes 
and 772 G P2 because [772 1 < d. Thus, 772 ^2 ""i which implies 772 ^g^ 77i for all (3 < l. < a. 
Consequently, 772 '^771, which means that tt € Pi. 

(c) ~i = ~2- For the "C" direction assume 771 ~i 772. Hence, 771 ~ 772 and 771,772 G Pi = 
P2. This means that there is some /3 < 7 < a with 771 ^g 772. Consequently, 771 '^2 '^2- For 
the converse direction assume that 771 ^^2 '^2 ■ Then 77i , 772 G P2 = Pi and 771 ^g^ 772 for all 
P < L < a. Hence, 771 ^ 772 and we can conclude that 771 ~i 772. 
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(b) li = h- We show this by proving that, for all (3 < l < a, the condition 3tt' ^ it : 
JTr'l < d from the definition of li is equivalent to the condition 3tt' ^g^ n : \tt'\ < d from the 
definition of I2 and that 1{tt) — .gt(7r) if either condition is satisfied. The latter is simple: 
Whenever there is some tt' ~ tt with \t:'\ < d, then gi{n) = ^2(''') = ^■zi''^) = QpM f^'' ^^^ 
P < i < a. Hence, ^(tt) — (?;g(7r) = 5i(7r) for all /?</,< a. For the former, we first consider 
the "only if" direction of the equivalence. Let tt G Pi and tt' ^ tt with Jtt'I < d. Then also 
tt' G Pi which means that n' ^1 tt. Since then tt' ~2 tt, we can conclude that n' ^g^ tt for 
all f3 < L < a. For the converse direction assume that tt £ P2, tt' '^g, tt and |7r'| < rf. Then 
also tt' e P2 which means that tt' ~2 tt and, therefore, tt' ~ tt. D 

Example 5.10. Reconsider the sequence of term graphs (/it)i<tj Figure [5c] on page 1501 As 
we have noticed in Example 14.81 the edge that loops back to the root node is pushed down 
as the sequence progresses. Thus, we have for each n S N, that the strict truncations of the 
term graphs h^ with n < l < ui at depth n + 1 coincide. Therefore, by Lemma [3T^ {h^)i,^^ 
is Cauchy. In particular, we have that {h^)^^^ converges to h^^. 

The limit inferior induced by < J showed some curios behaviour as soon as acyclic sharing 
changes as we have seen in Example 14.81 with the convergence illustrated in Figure [21 This 
is not the case for the metric df. In fact, there is no topological space in which ((7t)t<(^ from 
Figure [21 converges to a unique limit. 

5.3 Other Truncation Functions and Their Metric Spaces 

Generalising concepts from terms to term graphs is not a straightforward matter as we have 
to decide how to deal with additional sharing that term graphs offer. The definition of strict 
truncation seems to be an obvious choice for a generalisation of tree truncation. In this 
section, we shall formally argue that it is in fact the case. More specifically, we show that no 
matter how we define the sharing of the _L-nodes that fill the holes caused by the truncation, 
we obtain the same topology. We will then contrast this to the metric that we have used 
in previous work [B] by showing that small changes to its definition also change the induced 
topology. 

The following lemma is a handy tool for comparing metric spaces induced by truncation 
functions: 

Lemma 5.11. Let r, u be two truncation functions on 5°°(E^) and /: Q^iY,) -^ Q'^{T,) 
a Junction on Q'^{Y,). Then the following are equivalent 

(i) f is a continuous mapping /: (Qq^ (T,) , dr) — > (5,3° (E), d.^) 

(ii) For each g G Q^ (S) and d G N there is some e G N such that 

s\mrig,h)>e =^ sim,(/(g), /(/i)) > d for all h e G^ (Y) 

(Hi) For each g G Q^{T,) and d G N there is some e G N such that 

T,{g)^T,{h) =^ Vd{f{g))^Vd{f{h)) forallheg^iJ:) 

Proof. Analogous to Lemma 15.41 D 

An easy consequence of the above lemma is that if two truncation functions only differ 
by a constant depth, they induce the same topology: 
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Proposition 5.12. Let t,v be two truncation functions on Q°^{T,±) such that there is a 
Sen with \s\mrig,h)-s\m^,{g,h)\ < S for all g,h e Gc'i^)- Then (^^f (S),d^) and 
{Q^(T,),d^j) are topologically equivalent, i.e. induce the same topology. 

Proof. We show that the identity function id: Q^CS) -^ Gc'i'^) is a homeomorphism from 
(^^(E),dT-) to (5^(S),di,), i.e. both id and id^^ are continuous. Due to the symmetry of 
the setting it suffices to show that id is continuous. To this end, let g G G^{T,) and d G N. 
Define e = d + S and assume some h G 5^(E) such that slmT-ig, h) > e. By Lemma [5.111 it 
remains to be shown that then sim„(g, h) > d. Indeed, we have sim„((7, h) > simT-(5, h) — S> 
e-S = d. D 

This shows that metric spaces induced by truncation functions are essentiahy invariant 
under changes in the truncation function bounded by a constant margin. 

Remark 5.13. We should point out that the original definition of the metric on terms by 
Arnold and Nivat [3 was slightly different from the one we showed here. Recall that we 
defined similarity as the maximum depth of truncation that ensures equality: 

s\mr{g,h) — max{rf e N U {oo} | Td{g) = Td.{h)} 

Arnold and Nivat, on the other hand, defined it as the minimum truncation depth that still 
shows inequality: 

Sim; (5, h) = min {rf e N U {oo} | Tdig) ^ Td{h) } 

However, it is easy to see that either both simT-(g, /i) and s\m'.^{g^h) are oo or s\m'^{g,h) = 
s\mr{g:h) + 1. Hence, by Proposition l5.12l both definitions yield the same topology. 

Proposition 15.121 also shows that two truncation functions induce the same topology if 
they only differ in way they treat "fringe nodes", i.e. nodes that are introduced in place of 
the nodes that have been cut off. Since the definition of truncation functions requires that 
ro((7) = J- and Too (5) — 5, we usually do not give the explicit construction of the truncation 
for the depths and 00. 

Example 5.14. Consider the following variant t of the strict truncation function [". Given 
a term graph g G Q°°{Y^±) and depth d e N+ we define the truncation Td{g) as follows: 

N^^ ^ {neNS\ depthg(n) < d} 

Ni, = {n' I n e iV^„0 < ^ < ar,(n), sucf (n) ^ 7V^, } 



^Td{g)i 



lab^(n) ifneA^^, suc^^^^Vn) = T^'^^''^ if n' ^ iV£, 

if n E Nt, ' ^ ' \n' if n' £ N^, 



=d 



One can easily show that r is in fact a truncation function. The difference between \ and 
r is that in the latter we create a fresh node n"^ whenever a node n has a successor sucf (n) 
that lies at the fringe, i.e. at depth d. Since this only affects the nodes at the fringe and, 
therefore, only nodes at the same depth d we get the following: 

g\d'^h\d =^ Tdig) =Td{h), and 
Tdig)^Td{h) =^ g\d-l = h\d-l. 
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Hence, the respectively induced similarities only differ by a constant margin of 1, i.e. we have 
that jsirrif (g, h) — s\mr{g, h)\ — 1. According to Proposition l5.6l this means that (t/^(E), df) 
and {Q^ {T,) , dr) are topologically equivalent. 

Consider another variant v of the strict truncation function f. Given a term graph 
g e Q°°(Y^j_) and depth d £ N+, we define the truncation Vd{g) as follows: 

iV^^ = {n e iV» I depthg(n) < d} 

ne N<',depthg{n) ^d-1,0 <i <arg{n) with sucf (n) ^ A^^^ ] 



Ni,^ 



7V^d(s) ^ ^9^ y ^9^ 



or n ^ Pre°(sucf (n)) 



Also V forms a truncation function as one can easily show. In addition to creating fresh 
nodes n' for each successor that is not in the retained nodes A'^^^, the truncation function 
V creates such new nodes n* for each cycle that created by a node just above the fringe. 
Again, as for the truncation function r, only the nodes at the fringe, i.e. at depth d are 
affected by this change. Hence, the respectively induced similarities of |" and v only differ 
by a constant margin of 1, which makes the metric spaces (^^(E),d^) and (5^(S),d„) 
topologically equivalent as well. 

The robustness of the metric space (t/^(E), df) under the changes illustrated above is due 
to the uniformity of the core definition of the strict truncation which only takes into account 
the depth. By simply increasing the depth by a constant number, we can compensate for 
changes in the way fringe nodes are dealt with. 

This is much different for the truncation function gld that induces the metric space 
considered in B : 

Definition 5.15 (truncation of term graphs). Let g e Q°°{'S±) and d G N. 

(i) Given n, m £ N^ , m is an acyclic predecessor oinvag if there is an acyclic occurrence 
n ■ (i) £ Vgin) with n e Vg{m). The set of acyclic predecessors of n in g is denoted 
Pre^(n). 

(ii) The set of retained nodes of g at d, denoted N^^^, is the least subset M of A^^ satisfying 
the following conditions for all n G A^^: 

(Tl) depthg(n) < d =^ n e M (T2) n e M =^ Preg(n) C M 

(iii) For each n G A^^ and i G N, we use n* to denote a fresh node, i.e. {n* | n G N^ ,i G N } 
is a set of pairwise distinct nodes not occurring in A^^. The set of fringe nodes of g at 
d, denoted A^^^^, is defined as the singleton set {r^} if d = 0, and otherwise as the set 

n G A^^^, 0<i < arg(n) with sucf (n) ^ A^^^ 1 

or depthg(n) > d - 1, ?i ^ Preg(sucf (n)) J 
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(5) 




Figure 3: Comparison to strict truncation. 



(iv) The truncation of g at d, denoted gld, is the term graph defined by 



[± if neiV£^ 



^S*d — j,9 



sucf-W^^^^^^-) ^^"^^^'^ 



if n* e A^i^, 



Additionally, we define 5(00 to be the term graph g itself. 

The idea of this definition of truncation is that not only each node at depth < d is kept 
(jTll) but also every acyclic predecessor of such a node (jT2p . In sum, every node on an 
acyclic path from the root to a node at depth smaller than d is kept. The difference between 
the two truncation functions |" and ; are illustrated in Figure [31 

In contrast to \, the truncation function ; is quite vulnerable to small changes: 

Example 5.16. Consider the following variant t of the truncation function ;. Given a term 
graph g G Q°°{Y.±^) and depth d G N+, we define the truncation Td{g) as follows: The set of 
retained nodes iV^^ is defined as for the truncation gld. For the rest we define 



Ni, 



{sucf (n) I n G 7V^^, < i < arg(n), sucf (n) ^ iV^^ } 






sue 



r.(.)(„)^Jsucn«) if«eiV^, 







if n G Ni^ 



In this variant of truncation, some sharing of the retained nodes is preserved. Instead 
of creating fresh nodes for each successor node that is not in the set of retained nodes, we 
simply keep the successor node. Additionally loops back into the retained nodes are not 
cut off. This variant of the truncation deals with its retained nodes in essentially the same 
way as the strict truncation. However, opposed the strict truncation and their variants, this 
truncation function yields a topology different from the metric space (t/^(S),d;)! To see 
this, consider the two families of term graphs (?„ and hn indicated in Figure [H For both 
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{9n) {T2{gn) = Tn+2[gn)) (K) (t2 (/l„) = ^^+2 (^In)) 

Figure 4: Variations in fringe nodes. 



families we have that the r-truncations at depth 2 to n + 2 are the same, i.e. Td{gn) = T2{gn) 
and Td{hn) = T2(/i„) for all 2 < d < n + 2. The same holds for the truncation function 
l Moreover, since the two leftmost successors of the h-node are not shared in gn, both 
truncation functions coincide on g„, i.e. gnld = Td{gn)- This is not the case for /i„. In 
fact, they only coincide up to depth 1. However, we have that hnld = Td{gn)- In total, we 
can observe that sim((7„, /i„) = n + 2 but simT-(g„, ft.„) — 1. This means, however, that the 
sequence {go, ho, gi, hi, . . .) converges in (^^(S),d;) but not in {Q^ {T,) , dr)\ 

A similar example can be constructed that uses the difference in the way the two trun- 
cation functions deal with fringe nodes created by cycles back into the set of retained nodes. 



6 Partial Order vs. Metric Space 

Recall that p-convergence in term rewriting is a conservative extension of 77i-convergence 
(cf. Theorem I2.5P . The key property that makes this possible is that for each sequence 
(it)t<Q in T°°(T.), we have that Iwa^^at^ = liTamf^^at^ whenever (it)t<Q converges, or 
liminf,^„t, er°°(S). 

Unfortunately, this is not the case for the metric space and the partial order that we 
consider on term graphs. As we have shown in Example 15. lUl the sequence of term graphs 
depicted in Figure [2] has a total term graph as its limit inferior although it does not converge 
in the metric space. This example shows that we cannot hope to generalise the compatib- 
ility property that we have for terms: Even if a sequence of total term graphs has a total 
term graph as its limit inferior, it might not converge. However, the other direction of the 
compatibility does hold true: 



Theorem 6.1. // (.9t)t<Q converges, then liin^^a g^ — limiidi- 



• go 



Proof. In order to prove this property, we will use the construction of the limit resp. the limit 
inferior of a sequence of term graphs which we have shown in Theorem l5.9l resD. Corollarv l4.7l 
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According to Theorem 15.91 we have that the canonical term graph hmt_j.agt is given by 
the following labelled quotient tree {P, ^,1): 

fi<a l3<L<a I3<a fi<u<a 

1{t:) = f iff 3^ < aV/3 < i < a : g,(7r) = / 

We will show that g = lim inf i_>q, g^ induces the same labelled quotient tree. 

From Corollary 14.71 we immediately obtain that Vig) Q P. To show the converse 
direction V{g) 3 P, we assume some tt E P. According to CoroUarv 14.71 in order to show 
that TT G Pig), we have to find a /? < a such that tt € Vigp) and for each tt' < tt there is 
some / € E_L such that 5t(7r') = / for all /3 < i < a. 

Because tt G P, there is some /3i < a such that tt G 'P(gt) for all fii < l < a. Since 
(S't)t<Q converges, it is also Cauchy. Hence, by Lemma TS. 41 for each d E N, there is some 
/32 < a such that g^td = g^d for all /32 ^ 7, ^ < a. Specialising this to d = |7r|, we obtain 
some P2 < ci with g^M"'! — sJI"'! for all P2 < 1,^- < Oi. Let /3 = max {/3i , P2} ■ Then we 
have TT G "PCst) and g^ |" |7r| = g^, \ \tt\ for each j3 < i < a. Hence, for each tt' < tt, the symbol 
/ = 9pW) is well-defined, and, according to Corollarv l5.81 we have that 5t(7r') — f for each 
/3 < L < a. 

The equalities ^ = ^g and ^ = g(-) follow from Corollarv l4.71 as P = P(g). D 

7 Infinitary Term Graph Rewriting 

In the previous sections, we have constructed and investigated the necessary metric and 
partial order structures upon which the infinitary calculus of term graph rewriting that 
we shall introduce in this section is based. After describing the framework of term graph 
rewriting that we consider, we will explore different modes convergence on term graphs. 
In the same way that infinitary term rewriting is based on the abstract notions of m- and 
p-convergence |3] , infinitary term graph rewriting is an instantiation of these abstract modes 
of convergence to term graphs. 

7.1 Term Graph Rewriting Systems 

The framework of term graph rewriting that we consider is that of Barendregt et al. [7j. 
Similarly to term rewriting systems, we have to deal with variables. That is, we consider a 
signature Sy extended with a set of variable symbols V. 

Definition 7.1 (term graph rewriting system). 

(i) Given a signature S, a term graph rule p over E is a triple {g,l,r) where g is a graph 
over Ey and l,r E N^, such that all nodes in g reachable from I or r. We write pi 
resp. Pr to denote the left- resp. right-hand side of p, i.e. the term graph g\i resp. g\r- 
Additionally, we require that pi is finite and that for each variable v E V there is at 
most one node n in g labelled v and n is different but still reachable from /. 

(ii) A term graph rewriting system (GRS) 7?. is a pair (E, R) with E a signature and R a 
set of term graph rules. 
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The requirement that the root I of the left-hand side is not labeUed with a variable 
symbol is analogous to the requirement that the left-hand side of a term rule is not a variable. 
Similarly, the restriction that nodes labelled with variable symbols must be reachable from 
the root of the left-hand side corresponds to the restriction on term rules that every variable 
occurring on the right-hand side must also occur on the left-hand side. 

Term graphs can be used to compactly represent term. This representation of terms is 
defined by the unravelling. This notion can be extended to term graph rules. Figure Ea| 
illustrates two term graph rules that both represent the term rule a : x ^ b : a : x from 
Example 12.11 to which they unravel. 

Definition 7.2 (unravelling of term graph rules). Let p be a term graph rule with pi and 
Pr left- resp. right-hand side term graph. The unravelling of p, denoted U (p) is the term 
rule U {pi) ^ U (pr). Let 7^ = (E, R) be a GRS. The unravelling of 7^, denoted U (7^) is the 
TRS (E, U (i?)) with U (R) ^{U{p)\p£G}. 

We will investigate the aspect of how term graph rules simulate their unravellings in 
Section [HI 

The application of a rewrite rule p (with root nodes I and r) to a term graph g is 
performed in four steps: At first a suitable sub-term graph of g rooted in some node n of 
g is matched against the left-hand side of p. This amounts to finding a V-homomorphism 
(f) from the term graph rooted in I to the sub-term graph rooted in n, the redex. The V- 
homomorphism (j) allows to instantiate variables in the rule with sub-term graphs of the 
redex. In the second step, nodes and edges in p that are not reachable from I are copied 
into g, such that edges pointing to nodes in the term graph rooted in I are redirected to the 
image under (f). In the last two steps, all edges pointing to n are redirected to (the copy of) 
r and all nodes not reachable from the root of (the now modified version of) g are removed. 

Definition 7.3 (application of a term graph rewrite rule, [7|). Let p = (iV, lab'', sue'', l^, r^) 
be a term graph rewrite rule over signature S, g S 5°°(E) and n e N^. p is called applic- 
able to g at n if there is a V-homomorphism (p: pi -^y g\n- is called the matching 
V-homomorphism of the rule application, and g\n is called a p-redex. Next, we define the 
result of the application of the rule p to g at n using the V-homomorphism cf). This is done 
by constructing the intermediate graphs gi and (72, and the final result 53. 

(i) The graph gi is obtained from g by adding the part of p not contained in the left-hand 
side: 

iVSi ^N3\s{NP\NP') 

\ah^{m) if meN3 
lab''(m) if me NP\NP' 

sucf (m) if TO e N^ 

sucf (to) if TO, sucf (to) e NP\ NP' 

(sucf (to)) if me NP\ NP' , sucf (to) e NP' 

(ii) Let n' = (p{rP) if rP e NP^ and n' — rP otherwise. The graph g2 is obtained from 51 
by redirecting edges ending in n to n': 

N^^=N^^ lab-^lab- sucf (to) ^ {^^^^^("^^ ifsucf(TO)^n 

I n' if suc/^ (m) = n 
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a X 



I : 





(Pl) (P2) 

(a) Term graph rules that unravel to a:x —> b:a:x. 



P2 



(51) (52) 

(b) A single p2-step. 



Pi 




Pi 




Pi 



(ho) 



{hi) (h,) 

(c) A strongly m-convergent term graph reduction over pi. 

Figure 5: Term graph rules and their reductions. 



/\ 



/\ 



/ 



(Aw) 



(iii) The term graph 173 is obtained by setting the root node r 



otherwise r^ . That is, 33 — 32! 
r' are removed. 



which is r if / = r^, and 
This also means that all nodes not reachable from 



This induces a reduction step ip: g ^ gs- In order to indicate the applied rule p and the 
root nodes n, n' of the redex resp. the reduct, we write ip- g -^n.p.n' .93- 

Examples for term graph rewriting steps are shown in Figure [5l We revisit them in more 
detail in Example 17.71 in the next section. 

Note that term graph rules do not provide a duplication mechanism. Each variable is 
allowed to occur at most once. Duplication must always be simulated by sharing. This 
means for example that variables that should "occur" on the right-hand side must share the 
occurrence of that variable on the left-hand side of the rule as seen in the term graph rules 
in Figure I5al This sharing can be direct as in pi or indirect as in p2 ■ For variables that 
are supposed to be duplicated on the right-hand side, for example in the term rewrite rule 
Y X ^ xiY x) that defines the fixed point combinator Y in an applicative language, we have 
to use sharing in order to represent multiple occurrence of the same variable as seen in the 
corresponding term graph rules in Figure Ea] 

As for term graphs, we also give a linear notation for term graph rules: 

Definition 7.4 (linear notation of term graph rules). Let S be a signature and E its 
extension as in Dcfinition l3.21l A linear notation for a term graph rule over E is a term rule 
p: s -^ t over E such that for each n G Af that occurs in p there is exactly one occurrence 
of a function symbol of the form /["' in p. 

The corresponding term graph rule p' is defined as follows: Consider the term tree 
representations of s and t. Let I and r be the root nodes of s resp. t, and let g be the disjoint 
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union of s and t. In g, redirect every edge to a node labelled n to the unique node labelled 
/["I for some / G S. Then change all labellings of the form /t"l to /. In the resulting graph 
g' do the following: For each x G V occurring in g' , redirect all edges to nodes labelled x 
to a single fresh node labelled x provided x ^ t. li x — t, then redirect all edges to nodes 
labelled x to the node r. Let g" be the thus obtained graph after removing all nodes not 
reachable from I or r. Then p' is the term graph rule {g" , I, r). 

As an example, the term graph rules in Figure [5a| can be written as pi : a:x ^ b:a:x 
resp. P2: a ;["] a: — )• 6:n. Also note that each term rule p: I ^ r can be interpreted as a 
linear notation for a term graph rule p' : I ^ r. This term graph rule p' is, in fact, the term 
graph rule with minimal sharing that unravels to p. 

7.2 Weak Convergence 

We start by first considering weak notions of convergences based on the metric d f and the 
partial order <^: 

Definition 7.5. Let Tl = (E,i?) be a GRS. Term graphs in Tl range over G'ci^)- Thus, 
we consider the applications of term graph to yield canonical term graphs. That is, when 
we write g -^n,p,n' h, we mean that there is a reduction step 5 — > -^ h' according to 
Definition 17.31 such that h — C{h') and n' — 4>{n) for the isomorphism 0: h' ^ h. 

(i) A (transfinite) reduction in 7^ is a sequence (g,, —>n,,p^ gL+i)i<a of rewriting steps in 
TZ. If S is finite, we write S : go — )■* ga- 

(ii) Let S = (g,, -^-jz 5t+i)t<Q, be a reduction in TZ. S is weakly ui- continuous ^ written 
S: go ^Tz . . . , if the underlying sequence of term graphs (g^) -^ is continuous, i.e. 
lirUt^Afft — g\ for each limit ordinal X < a. S weakly m-converges to 5 G Q'^{Yi) in 
7?., written S: go ^-r, g, if it is weakly m-continuous and lim ^g^ — g. 

(iii) Let 7?,^ be the GRS (S±, i?) over the extended signature S^ and S = (g^ -^n± 3t+i)t<Q 
a reduction in TZ±. S is weakly p-continuous, written S : go ^Ti 9, if liminft<A gi = g\ 
for each limit ordinal A < a. S weakly p-converges to g G Qq'{'E,±) in TZ, written 
S : go ^-R g, if it is weakly p-continuous and liminf ,^gi = g- 

Note that we have to extend the signature of TZ to Ex for the definition of weak p- 
convergence. Moreover, since the partial order <J forms a complete semilattice on Q^{T,±), 
weak p-continuity coincides with weak p-convergence: 

Proposition 7.6. In a GRS, every weakly p-continuous reduction is weakly p-convergent. 

Proof. Follows immediately from CoroUarv 14.71 D 

Example 7.7. Consider the term graph rule pi in Figure [3a] that unravels to the term rule 
a : X ^ b : a : X from Example 12.11 Starting with the term tree a : c, depicted as gi in 
Figure [5bl we obtain the same transfinite reduction as in Example 12. II 

S : a:c -^p^ b:a:c — >pj b:b:a:c -^p^ . . . ft-w 

Also in this setting, S both weakly m- and p-converges to the term tree h^ shown in Fig- 
ure [^ Similarly, we can reproduce the weakly p-converging but not weakly jn-converging 
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reduction T from Example 12.31 Notice that h^j is a rational term tree as it can be obtained 
by unravelling the finite term graph g2 depicted in Figure [5bl In fact, if we use the rule p2, 
we can immediately rewrite gi to 32, which unravels to hu). In p2, not only the variable x is 
shared but the whole left-hand side of the rule. This causes each redex of p2 to be captured 
by the right-hand side. 

Figure [3c] indicates a transfinite reduction starting with a cyclic term graph h^ that 
unravels to the rational term t = a:a:a: . . . . This reduction both weakly m- and p- 
converges to the rational term tree /i^j as well. Again, by using p2 instead of pi, we can 
rewrite ho to the cyclic term graph 172 in one step. 

As for TRSs, we have that weak ?Tj-convergence implies weak p-convergence. 

Theorem 7.8. Let S be a reduction in a GRS TZ. 

If S: g^nh then S:g^nh. 

Proof. Follows straightforwardly from Theorem 16. II D 

However, as we have indicated, weak TTj-convergence is not the total fragment of weak 
p-convergence as it is the case for TRS. The GRS with the two rules /(c, c) -^ f{c^^\n) and 
f{c,c) — >■ f{c,c) yields the reduction sequence shown in Figure [5J This reduction weakly 
p-converges to /(c, c) but is not weakly m-convergent. However, this peculiar behaviour 
can be ruled out by considering strong convergence, which is the subject of the following 
sections. 

7.3 Reduction Contexts 

The idea of strong convergence is to conservatively approximate the convergence behaviour 
somewhat independent from the actual rules that are applied. Strong tti- convergence in 
TRSs requires that the depth of the redexes tends to infinity thereby assuming everything 
at the depth of the redex or below can potentially be affected by a reduction step. Strong 
p-convergence, on the other hand, uses a better approximation that only assumes that the 
whole redex can be changed by a reduction not however its siblings. To this end strong 
p-convergence uses a notion of reduction contexts - essentially the term minus the redex - 
for the formation of limits. In order to define a suitable notion of strong p-convergence on 
term graphs, we have to devise a corresponding notion of reduction contexts. In this section 
we shall devise such a notion and argue for its adequacy. 

The following definition provides the basic construction that we use to remove nodes 
from a term graph: 

Definition 7.9 (local truncation). Let g e Q°"{Yii_) and N C N^ . The local truncation of 
ghy N, denoted g\N, is given as follows: 



N^^^ is the least set M satisfying 



(a) r^ e Af , and 
(6) neM\N = 



rg\N 



]± iin(^ N 10 line N 




By abuse of notation, we write g\n instead oi g\ {n}. 
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The goal for the rest of this sectfon is to estabhsh that g\n is an adequate notion of 
reduction context for a reduction step g — >■„ h apphed at node n in g. According to he 
abstract notion of strong p-convergence [1], this requires that g\n <^ g, h. 

The following lemma shows that local truncations only remove positions from a term 
graph but do not alter them: 

Lemma 7.10. Let g e g°^{^i_), N C N^ and t: e ViglN). Then nodeg(7r) = nodegfjvlTr). 

Proof. We proceed by induction on the length of tt. The case tt = () follows from the 
definition ySt^ — 7.9. If ty — tt' ■ (i), we can use the induction hypothesis to obtain that 
nodeg(7r') = nodegfAr(7r'). As n' ■ (i) e V{g\N), we know that nodegfjv(7r') ^ N. We can 
thus reason as follows: 

nodeg(7r) = sucf (nodeg(7r')) — sucf (nodegf_/v(7''')) = sucf (nodegfAr(7r')) = nodegfAr(7r) 

D 

This leads immediately to the observation that local truncations preserve sharing: 

Lemma 7.11 (local truncations preserve sharing). Let g £ Q°°{'S±), N C N^ and tti, 7r2 G 
V{g\N). Then wi r^g tt2 iff tti ^g\N '^2- 

Proof. TTi r^g 7r2 ■^=^ nodeg(7ri) = nodeg(7r2) 

■4==> nodegfAr(7ri) — nodegfjv(7r2) (Lemma iT.lOp 

<=^ TI"! ^g\N 71'2 

D 

Most importantly, we obtain the intuitively expected property that local truncations 
yield smaller term graphs w.r.t. <^: 

Lemma 7.12. For each g e 5°°(S±) and N C N^ , we have g\N <^ g. 

Proof. We use Corollary 14.31 to show this, (jlj) follows immediately from Lemma T?. 11 1 For 
([b|, let TT G V{g\N) with g\N{TT) £ S. Hence, nodegfAr(7r) ^ N and we can reason as follows: 



g\N{TT) = lab^f^(nodegtw(7r)) = lab5(nodegrAr(7r)) ^""=!^^labS(nodeg(7r)) = 5(^). 



D 



The following property summarises the core property that we require for an adequate 
notion of reduction context: The reduction context of a reduction step is the maximal 
substructure that is guaranteed to be preserved by the reduction. 

Lemma 7.13. Given a graph reduction step g -^n,p,n' h with g,h £ Q°"{'E±), we have 
g\n = h\n' . The corresponding isomorphism is given by 

</,(m) = /"; if^^^ for all m £ N^^-- 

\n if m = n 



33 



Proof. At first, observe that n' , the root of the rediict, is either a fresh node from p, or a 
node reachable from n in g. Hence, we know that 

m e N^^^^ \{n} implies that m ^ n' . (*) 

In order to prove that 0: N^^" — ?> ]\[h\n jg well-defined, we have to show that iV^^" \ 
{n} C A^''f" : Let m £ A^sf" \ {n}. We will show by induction on depth g^n{m), that 

If depthgf„(TO) = 0, then m = r^^" == r^ = r'* = r''^" £ iV'^^", where r^ = r'' holds 
because n ^ r^. If depth h„(m) > 0, then there is some m' e iV^^" with depth ^^(ttt,') < 
depth |^„(m) and sucf (m') = m for some i £ N. Hence, m' ^ n, which means that also 
sucf(m') = m and that, by induction hypothesis, m' G TV^^" . Since, in a graph reduction 
step, only edges to the redex node n are redirected, we have that suc^(?ti') ^ suc^(to') iff 
5ucf{m') = n. Thus, as suc^(?7i') ~ m j^ n, we have suc^(to') ~ sucf (m') = m. Moreover, 
by Q, we know that m' ^ n' . Thus, m = suc'l{m') £ N^^" . 

Next, we show that (f) is a homomorphism from g\n to h\n'. The root condition is 
satisfied as follows: 

( rS ifrS ^n] , ., , 

In it r^ = n I 

For the labelling and successor condition, assume some m £ N^^'"'. lim = n, then (/)(7tt,) = 
n' and the labelling and successor condition follow immediately from the construction of g \n 
and h\n' . li m ^ n, then (f)(rn) = m and, by ([*]), m =/= n' . Since the labelling of nodes is not 
changed by a reduction step, we have 

lab''f"'((/)(m)) = lab''f"'(m) = lab''(m) = lab^(m) = lab«'f"(m) = lab»f"((/)(m)). 

For the successor condition, first assume that suc^(m) = n. Then the edge to n is redirected 
to n' by the reduction step, i.e. suc^(to) — n', and we have 



sue: 



j ^" {(j){m)) = suCj {m) = suCj (m) = n = (/)(?i) = (/)(suc?(m)) = 0(suc?'"(?ti)). 



If, on the other hand, sucf (m) ^ n, the edge is retained, i.e. suc^(m) = sucf{ni), and we 
have 

suCj '" {(j){m)) = suCj (ttt.) = suc,^(m) = sucj'(m) = (/)(sucj'(m)) = 0(suc^'"(to)). 

The injectivity of (f> follows from the fact that (j){m) = n' ii m = n and that, by Q, 
(l){m) = m ^ n' ii m ^ n. Hence, according Lemma I3.10[ cf) is an isomorphism, i.e. 
g\n = h\n' . D 

As an easy consequence of this, we obtain that g \n is indeed an adequate notion of 
reduction context. 

Proposition 7.14. Given a graph reduction step g -^n,p,n' h, we have g\n <^ g,h. 

Proof. Lemma 17.121 yields g\n <^ g. By Lemma 17.131 and Lemma 17.121 we get g\n = 
h\n' <^j_h. ' D 
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The following lemma provides a convenient characterisation of local truncations in terms 
of labelled quotient trees: 

Lemma 7.15. For each g G 5°°(S^) andn £ N^ , the local truncation g\n has the following 
canonical labelled quotient tree {P, I, ~j; 

P = {TTeV{g)\W <^:^' (^Vg{n)} ( g{n) if n (^ Pg{n) 

/(tt) = < for all TT e P 

^^r^gDPxP l-L ifTrePgin) 

In particular, given n € P{g), we have that g^n) = g\n[T:) if?:' ^ Pg{n) for each Vtt' < tt. 

Proof. The last statement above follows immediately from the preceding characterisation of 
(P, /, ~). We will show in the following that (P, I, ~) is equal to {V{g\n)^g\n{-)^ ^g\n)- 

By Lemma 17.101 Via \n) C V{g). Therefore, in order to prove that V{g\n) C P, we 
assume some tt G P{g\n) and show by induction on the length of vr that no proper prefix 
of TT is a position of n in g. The case vr = () is trivial as () has no proper prefixes. If 
TT — t:' ■ (i), we can assume by induction that n' E P since vr' G P{g\n). Consequently, no 
proper prefix of vr' is in Pg{n). It thus remains to be shown that tt' itself is not in Pg{n). 
Since tt' • (?) G V{g\n), we know that sucf ^"(nodegf„(7r')) is defined. Therefore, nodegf„(7r') 
cannot be n, and since, by Lemma lY. 101 nodegf„(7r') = nodeg(7r'), neither can nodeg(7r'). In 
other words, tt' ^ Pg{n). 

For the converse direction P C P{g\n), assume some vr G P. We will show by induction 
on the length of vr, that then vr G P{g\n). The case vr = () is trivial. If vr = vr' • (i), then 
also tt' E P which, by induction, implies that tt' G V{g\n). Since vr G P{g), according to 
Lemma [7.101 we have that arg(7r') > i. Let m = nodeg(7r'). According to Lemma [7.101 
m = nodegf„(7r'). Since tt G P, we have that tt' ^ Vg{n) and thus m ^ n. Hence, according 
to the definition of gfn, suc^^"(to) = suc^(m) which implies that argf„(7r') > i. Consequently, 
TTEV{g\n). 

The equality ~ — ^g\n follows directly from Lemma [7.111 and the equality P = P{g\n). 

For the equality I — g\n{-), consider some tt G V{g\n). Since nodeg(7r) = n iff tt G Vg{n), 
we can reason as follows: 

grn(7r) = lab3i (nodegrnW) = lab^' (nodeg(7r)) = <^ ' 

I _L it vr G Vg[n) 

n 

7.4 Strong Convergence 

Now that we have an adequate notion of reduction context, we can define strong p-convergence 
on term graphs analogously to strong p-convergence on terms. For strong 77i-convergence, 
we simply take the same notion of depth that we already used for the definition of strict 
truncation and thus the metric space. 

Definition 7.16. Let 7^ be a GRS. 

(i) The reduction context c of a graph reduction step (/>: g — >■„ h is the term graph C{g\n). 
We write 0: g -^c h to indicate the reduction context of a graph reduction step. 
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(ii) Let S = ((7t -^n, 9i+i)i<a be a reduction in TZ. S is strongly rn-continuous in TZ, 
denoted S : go ^iz • ■ • , if^ lim^^A 5t = 9x and lim,,_j.A depth^_ (n^) = oo for each limit 
ordinal X < a. S strongly m-converges to g in TZ, denoted S : go ^-r. g, if it is strongly 
m-continuous, lim ^gi — g, and limt_^a depth (n^) = oo in case a is a limit ordinal. 

(iii) Let 5* — {g^ — >c, .gt+i)t<Q be a reduction in TZ. S is strongly p-continuous in TZ, 
denoted S: go ^7^ . . . , if liminft^^ q — g\ for each limit ordinal \ < a. S strongly 
p-converges to g in TZ, denoted S: go ^7Z 5 j if it is strongly p-continuous and either 
g = liminfi_^Q c,, or g — g^ in case S is closed. 

Note that we have to extend the signature of TZ to Y^± for the definition of strong p- 
convergence. However, we can obtain the total fragment of strong p-convergence if we restrict 
ourselves to total term graphs in Q^(I]): A reduction {g^, -^n± fft+i)t<a p-converging to g 
is called total if g as well as each g^ is total, i.e. an element of Cy^(S). 

Since the partial order <^ forms a complete semilattice on t/^(S^), strong p-continuity 
coincides with strong p-convergence: 

Proposition 7.17. Every strongly p- continuous reduction is strongly p-convergent. 

Proof. Follows immediately from Corollary 14.71 D 

The following technical lemma confirms the intuition that changes during a continuous 
reduction must be caused by a reduction step that was applied at the position where the 
difference is observed or above. 

Lemma 7.18. Let {g^ -^n,,p,m^ gi.+i)i.<a be a strongly p- continuous reduction in a GRS with 
its reduction contexts c^ = C{gi\n^) such that there are (3 < "f < a and n S T'icp) H T'ic-y) 
with c^(7r) ^ c^(7r). Then there is a position tt' < tt and an index /3 < t < 7 such that 

Proof. Throughout the poof, we can assume that 

fft(7'') = Ct(7r) if /? < t < 7 and tt G 'P(ct). (*) 

If this would not be the case, then, by Lemma [7.151 there is a vr' < vr such that tt' G T'g^ ("-J, 
i.e. the statement that we want to prove holds. 

We proceed with an induction on 7. The case 7 = /3 is trivial. 

Let 7 = t + 1 > /3. We then consider two cases: If tt ^ ^(cj, we are done as this 
together with the assumption tt G T'ic-y) implies, by the definition of reduction steps, that 
tt' G T'g.ini) for some tt' < tt. If, on the other hand, vr G T'{cu), then we can assume 
that cp{tt) = Ci,{tt) since otherwise the proof goal follows immediately from the induction 
hypothesis. Consequently, we have that 

g^\m,{TT) """^ ' .gjnt(7r) = c,,(7r) = c/j(7r) ^ Cj{tt) = .g^(7r) 

The thus obtained inequality gj\m^{TT) ^ 37 (tt) implies, by Lemma 17.151 that there is 
a tt' < TT such that tt' G T'g^^^mi). According to Lemma 17.131 there is an isomorphism 
(f>: gt fn,, —> g-y fTTit with 0(nt) = TO,,. This means, bv Corollarv l3.151 that T-'n^ (n,) — T'g (to-J. 
Hence, tt' G T^g^n^). 

Let 7 be a limit ordinal. By Q, we know that g~j{TT) = c^{tt) ^ c^^tt). According 
to Corollary 14.71 the inequality g-^ (tt) ^ cp (tt) is only possible if there is a tt' < tt and a 
^ < 6 < 7 such that Ci,{tt') ^ c^(7r'). Hence, we can invoke the induction hypothesis (for the 
position tt' instead of tt) which immediately yields the proof goal. D 
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By combining the characterisation of the hmit inferior from Corollary 14.71 and the char- 
acterisation of local truncations from Lemma 17.151 we obtain the following characterisation 
of the limit of a strongly p-convergent reduction: 

Lemma 7.19. Let S — {g^ — >-„^ g^^i)^^a be an open reduction in a GRS strongly p- 
converging to g. Then g has the following canonical labelled quotient tree (P, I, ^): 

P= (J {TreV{g^)\yn' <7rV/3< t<a: it' ^Vg^n,)} 

fi<a 

U n -.JnPxP 

3<aP<L<a J 

I _L otherwise 

In particular, given j5 < a and n £ Pigp), we have that g{Tr) — gp{T:) if it' ^ Vg^in,,) for all 
tt' < TT and j3 < i < a. 

Proof. The last statement above follows immediately from the preceding characterisation of 
(P, I, ~). We will show in the following that (P, /, ~) is equal to {'P{g), g{-),^g). 

Let Ct — C{gi\ni_) for each l < a. At first we show that V{g) C P. To this end let 
TT G Vig). Since g = liminf,,_^ct c,,, this means, by Corollary 14. 7L that 

there is some (3 < a with tt G Vicfs) and c^^n ) — cj3{'k ) for all tt < tt and j3 < t < a. (1) 

Since, according to Lemma [7. 101 'P{cp) C P{g^), we also have n e Vigp). In order to prove 
that TT £ P, we assume some tt' < tt and /3 < l < a and show that tt' ^ Pg^C^^t)- Since tt' is 
a proper prefix of a position in c^, we have that c^(7r') G S. By ^, also Cl{tt') € E. Hence, 
according to Lemma 17.151 n' ^ Pg_ (nj. 

For the converse direction P C 'P{g), we assume some tt £ P and show that then 
TT £ 'P{g)- Since tt E P, we have that 

there is some /3 < a with tt E P(5^) and tt' ^ Vg^ {n,) for all tt' < tt and f3 < l < a. (2) 

In particular, we have that tt' ^ 'Pgiainp) for all tt' < tt. Hence, by Lemma [7.151 tt E P{c0). 
According to Corollarv l4.7l it remains to be shown that c^{tt') — cp{tt') for all tt' < tt and 
/3 < 7 < a. We will do that by an induction on 7: 

The case 7 = /3 is trivial. For j — l + 1 > /3, let g, ~^n,,p,.n' g^y be the L-th reduction 
step and tt' < tt. By Lemma 17.131 we then have q = gi ["rit = g-y fn'. We can thus reason as 
follows: 

, ,, ind. hyp. , ,, Lcm.[7JJij ,, /, ,. Lcm.[7\15j , /^ hem. [TAb\ k / /\ / /\ 

Cf3(TT ) = C,{tT } = g^,\n^{TT ) = gy(TT ) = g.y\n^(TT ) ^ Cy{TT ) 

The first application of Lemma [7. 151 above is justified by the fact that tt' < tt E P(c^) and 
thus c^(7r') ^ ±. The second application of Lemma 17. 151 is justified by ^. 

If 7 > /3 is a limit ordinal, then g^ = liminf,,^^ c^ and we can apply Corollarv l4.7l Since 
tt' E P(c^) and, by induction hypothesis, c^{tt") ~ cp{TT") for all tt" < tt', /3 < t < 7, we 
thus obtain that gy{TT') — cp{tt'). Since, according to ([2]), tt" ^ Pg^("-7) for each tt" < tt', 
we have by Lemma [7. 151 that 37 (tt') = c^(7r'). Hence, c-y(7r') = c^(7r'). 
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The inclusion ^g Q ^ follows immediately from Corollary 14 . 71 and the equality P = 'P{g) 
since ~c, C ~g^ for all i < a according to Lemma 17.111 

For the reverse inclusion ^ C ^g, assume that tti '^7:2- That is, 7ri,7r2 G P and there 
is some Pq < a such that tti '^g_ 7r2 for all Pa < i < a. Since tti, 7r2 G P = ^(5)1 we know, 
by Corollary 14.71 that there are /3i,/32 < ct such that TTfc G 'P{c^) for all Pk < i- < a. Let 
^ = max {/3o, /^i, /32}- For each /3 < l < a, we then obtain that tti '-^g^ 7r2 and 1:1,1:2 G V{ci). 
By Lemma [7. Ill this is equivalent to tti ^c, 1^2- Applying Corollarv l4.7l then yields tti ^g 112- 

Finally, we show that I = g{-). To this end, let n ^ P. We distinguish two mutually 
exclusive cases. For the first case, we assume that 

there is some (3 < a such that Ct(7r) — C/3(7r) for all /3 < i < a. (3) 

By CoroUarv 14.71 we know that then g{ir) — cpiir). Next, assume that there is some 
/3' < a with TT ^ Pg,{ni.) for all /3' < t < a. W.l.o.g. we can assume that /3 = /3'. Hence, 
1(tt) — gi3{TT). Moreover, since it ^ 'Pgpinis), we have that gfi{i:) — c^(7r) according to 
Lemma [7.151 We thus conclude that 1{it) = 5^(7r) — c^(7r) = g{i:)- Now assume there is 
no such /3' , i.e. for each /3' < a there is some /3' < l < a with ir G Vg^n,). Consequently, 
/(tt) = ± and, by Lemma [Y.15l we have for each (3' < a some ji' < i < a such that c^{ir) = _L. 
According to ([3]), the latter implies that c^{it) = ± for all /3 < i < a. By CoroUarv 14. 71 we 
thus obtain that g{iT) = _L = 1{it). 

Next, we consider the negation of ([3]), i.e. that 

for all /? < a there is a /? < i < a such that tt G 7^(c,,) fl 'P(c^) implies c^{it) ^ c^(7r). (4) 

By CoroUarv 14.71 we have that g{iT) ~ _L. Since ir E P = V{g), we can apply CoroUarv 14. 71 
again to obtain a 7 < a with n G Vic^) and c^{i:') — c~f{i:') for all tt' < tt and 7 < i < a. 
Combining this with ^ yields that for each 7 < /3 < a there is a /? < t < a with 
Ct(7r) ^ c^(7r). According to Lemma 17.181 this can only happen if there is a /3 < 7' < t and 
a tt' < "■ such that tt' G "Pg , {n^f')- Since tt has only finitely many prefixes, we can apply the 
infinite pigeon hole principle to obtain a single prefix tt' < tt such that for each (3 < a there 
is some /? < t < a with tt' G VgXni,)- However, tt' cannot be a proper prefix of tt since this 
would imply that tt ^ P. Thus we can conclude that for each (3 < a there is some /3 < i < a 
such that IT G Pg, (nj. Hence, 1{it) = _L = .g(7r). D 

The benefit of strong p-convergence over strong m-convergence is that the former has 
a more fine-grained characterisation of divergence. Strong p-convergence allows for local 
divergence, i.e. parts of a term graph that do not become persistent along a transfinite 
reduction. We will call such parts volatile: 

Definition 7.20 (volatility). Let S — {g,, — ?>„^ gi.+i)i.<a be an open graph reduction. A 
position TT G N* is said to be volatile in S if, for each /3 < a, there is some /3 < 7 < a such 
that IT G 'Pg^in-y). If IT is volatile in S and no proper prefix of it is volatile in 5*, then it is 
called outermost-volatile in S. 

As for infinitary term rewriting [5] , local divergence in a strongly p-converging reduction 
can be characterised by volatile positions: 

Lemma 7.21. Let S = {g^ — >-„^ (7t+i)t<Q be an open reduction in a GRS strongly p- 
converging to g. Then, for every tt G N*, we have the following: 

(i) If IT is volatile in S, then it G V{g) implies g{iT) — _L. 
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(a) g{TT) = ± iff 

(a) IT is outermost-volatile in S, or 

(b) there is some j3 < a such that gfi{'n) ~ 1- and vr' ^ 'PgX'^i-) f'^^ "^^^ vr' < tt and 
P < i < a. 

(Hi) Let g^ be total for all i < a. Then g{n) = _L i/f tt is outermost-volatile in S. 

Proof. Q follows immediately from Lemma 17.191 

(pH) At first consider the "only if" direction: Suppose that g(7r) = _L. We will show that 
(jiibp holds whenever (|iiap does not hold. To this end, suppose that tt is not outermost- 
volatile in S. Since g{Tr) — _L, we know that g{Tr') G E for all tt' < n. By Clause Q, this 
implies that no prefix of n is volatile. Consequently, n itself is not volatile in S either as 
it would be outermost-volatile otherwise. Hence, no prefix of n is volatile in S, i.e. there is 
some /3 < a such that tt' ^ Vg^ni.) for all tt' < tt, /? < t < a. Additionally, by Lemma [7. 191 
we obtain that gi3{TT) — (/(tt) — ±. That is, (jiibp holds. 

For the "if" direction, we show that both (jiiap and (jiibp independently imply that g{TT) = 
_L: The implication from (jiibp follows immediately from Lemma 17.191 For the implication 
from (jiiap . let tt be outermost-volatile in S. Since no proper prefix of tt is volatile in S, we 
find some f3 < a such that tt' ^ Vg^^i) for all tt' < tt, /3 < t < a. Since tt itself is volatile, 
there is some /? < 7 < a such that tt £ 'P{g^). As we have, in particular, that tt' ^ 'Pg.ini) 
for all tt' < 7r,7 < i < a, we have, by Lemma 17.191 that tt e 'P{g). Consequently, according 
to Clause (P, we have that ^(Tr) = _L. 

(jin)) is a special case of (ju]): If each g^ is total, then (jiibp cannot be true. D 



With this in mind, we can characterise total reductions as exactly those that lack volatile 
positions: 

Lemma 7.22 (total reductions). Let TZ be a GRS, g a total term graph in TZ, and S: g ^-n 

h. S: g ^Tz h is total iff no prefix of S has a volatile position. 

Proof. The "only if" direction follows straightforwardly from Lemma l7.21l 

We prove the "if" direction by induction on the length of S. If \S\ — 0, then the totality 
of S follows from the assumption of g being total. If \S\ is a successor ordinal, then the 
totality of S follows from the induction hypothesis since single reduction steps preserve 
totality. If 15*1 is a limit ordinal, then the totality of S follows from the induction hypothesis 
using Lemma 17.211 D 

Next we want to compare strong m- and p-convergence with the ultimate goal of estab- 
lishing the same relation between them as for term rewriting (cf. Theorem [ 



Definition 7.23 (minimal positions). Let g G tj°°(l]) and n G N^. A position tt S Vg{n) 
is called minimal if no proper prefix tt' < tt is in Vg{n). The set of all minimal positions of 
n in g is denoted V^{n). 

Minimal positions have the nice property that they are not affected by term graph 
reductions: 

Lemma 7.24. Given a term graph reduction step g ~^n,p,n' h, we have T'"^{n) — VJ^^n'). 
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Proof. We will show that Pl"'{n) C VJ^{n'). The converse inclusion is symmetric. Let 
TT G V^{n). Hence, tt' ^ 'Pg{n) for all tt' < tt which, by Lemma F7.15l implies that tt G ^(^fn). 
According to Lemma 17.101 tt G 'Pg\n{n). Since, by Lemma 17.131 there is an isomorphism 
0: g\n — )■ h\n' with 0(n) = n', we obtain, by Corollary 13.151 that vr G Vh\n'{n'). By 
Lemma lY.lUl this impHes tt G Ph{n'). Since tt G V{h\n'), we know, by Lemma [7.151 that 
tt' ^ Vfiin') for all tt' < tt. Combined, this means that tt G VJ^{n'). D 

In order to compare strong m- and p-convergence, we consider positions bounded by a 
certain depth. 

Definition 7.25 (bounded positions). Let g G 5°°(I]) and d G N. We write 7^<d(ff) for the 
set {tt G 7^(5) I |7r| < d} of positions of length at most tt. 

Local truncations do not change positions bounded by the same depth or above: 

Lemma 7.26. Let g G g°^'{^i_), n e N^ and d < depthg(n). Then V<d{g\n) = V<d{g). 

Proof. P<d{g\n) C V<d{g) follows from Lemma [7.151 For the converse inclusion, assume 
some TT G V<d{g)- Since |7r| < d < depth (n), we know for each tt' < tt that \tt'\ < depth (n) 
and thus tt' ^ 'Pg{n) . By Lemma [7.151 this implies that tt is in P{g\n) and thus also in 

r<dig\n) ' a 

Additionally, reductions that only contract redexes at a depth d or below do not affect 
the positions bounded by d. 

Lemma 7.27. Let S = (g^ ^n, 5t+i)t<Q be a strongly p-convergent reduction in a GRS 
and d gN such that depth (nj > d for all l < a. Then V<d{go) — VKdigc) for all l. < a. 

Proof. We prove the statement by an induction on a. The case a = is trivial. 

For a = /3 + 1, let gi3 -^ni3,n' da be the /3-th step of S. Due to the induction hypothesis, 
it suffices to show that VKdigo) = 'P<d{9a)- By Lemma [7.131 gplufj = ga\n'„, and by 
Lemma [7.241 depth (n'^) = depth (up) > d. Hence, according to Lemma [7.261 we have 
both V<d{gp\np) — VKdigp) ^iid 'P<d{ga\n'fj) — VKdiga)- We thus obtain the desired 
equation: 

P<d{go) = V<d\gp) = V<d(gi3\np) = V<d{ga\nf}) = V<d{ga) 

Lastly, let a be a limit ordinal. By the induction hypothesis, we only need to show 
'P<d{go) = 'P<d{ga)- At first assume tt G 'P<d[ga)- Hence, by Lemma [7.191 there is some 
P < a such that tt G V{g^). Therefore, tt is in V<digi3) and, by induction hypothesis, also 
in V<d{go)- Conversely, assume that vr G VKdigo)- Because depth (71J > d for all l < a, 
we have that tt' ^ 'Pg^(rit) for all tt' < tt and l < a. According to Lemma [7.191 this implies 
that TT is in Viga) and thus also in V<d{ga)- CH 

The following two lemmas form the central properties that link strong m- and p- convergence: 

Lemma 7.28. Let S = {g^ -^n, 5t-i-i)t<Q be a strongly p-convergent open reduction in a 
GRS. If S has no volatile positions then (depth^ (nt))t<Q tends to infinity. 
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Proof. Wc will prove the contraposition. To this end, assume that (depth (nt))t<a does not 
tend to infinity. That is, there is some d G N such that for each 7 < a tlaere is a 7 < t < a 
with depthg (n,,) < d. Let d* be the smallest such d. Hence, there is a (3 < a such that 
depth (n, ) > d* for all /3 < i < a. Thus we can apply Lemma [7. 271 to the suffix of S starting 
from /? to obtain that V<d' {gp) = 7'<d* (sj for &\\ (3 < l < a. Since we find for each 7 < a 
some 7 < t < a with depth (n,) < d*, we know that for each 7 < a there is a 7 < t < a 
and a TT £ VKd'igp) with tt e Vg^in^). Because 7^<d*(ff,9) is finite, the infinite pigeon hole 
principle yields single tt* G 'P<d'{gp) such that for each 7 < a there is a 7 < t < a with 
TT* G Vg^{n,,). That is, tt* is volatile in 5. D 

Lemma 7.29. Let S ~ {g^ -^n, 5t+i)t<Q be an open reduction in a GRS strongly p- 
converging to g. If (depth (nt))t<Q tends to infinity, then g = liiYii^^a g^. 

Proof. Let h = linit^Q, g^ and let (ct)t<a be the reduction contexts of S. We will prove that 
g ^ h hy showing that their respective labelled quotient trees coincide. 

For the inclusion Vig) C V{h), assume some vr G V{g). According to Corollarv l4.71 there 
is some /3 < a such that vr G Vici^) and Cl{tt) — c^(7r) for all tt' < tt and /3 < l < a. Thus, 
TT G V{cl) for all (3 < L < a. Since c,, = g^ln^ and, therefore, by Lemma 17.151 P(ct) — V{gu), 
we have that tt G 7^(5t) for all /3 < t < a. This implies, by Theorem 15.91 that tt G Vih). 

For the converse inclusion P{h) C 7^(5), assume some tt G V{h). According to The- 
or em 15.91 there is some (5 < a such that tt G P(5t) for all /3 < t < a. Since (depth (nt))t<Q, 
tends to infinity, we find some /3 < 7 < a such that depth (nj > |7r| for all 7 < <■ < a, i-e. 
tt' ^ VgXn^) for all tt' < tt. This means, by Lemma [7. 191 that tt G ^^(g). 

By Lemma [7.191 and Theorem l5.9l ~g — ^h follows from the equality V{g) = ^{h). 

In order to show the equality g{-) — g{-), assume some tt G Vih). According to The- 
orem lFTHl there is some /3 < a such that /i(7r) — (?t(7r) for all /3 < i < a. Additionally, since 
(depth (nj)t<a tends to infinity, there is some /3 < 7 < a such that depth (n,,) > |7r| for 
all 7 < i < a, i.e. tt ^ ^^^(^i.)- Thus, by Lemma |7. 191 g{TT) — g-y{TT). Since h{TT) — .g-y(7r), 
we can conclude that ^(Tr) = h{TT). D 

The following property, which relates strong m-convergence and -continuity, follows from 
the fact that our notion of strong tti- convergence on term graphs instantiates the abstract 
model of strong m-convergence from our previous work [5j : 

Lemma 7.30. Let S = {g^ — )-„^ fft+i)t<Q be an open strongly m-continuous reduction in a 
GRS. //(depth (nt))t<Q tends to infinity, then S is strongly m-convergent. 

Proof. This is a special case of Proposition 5.5 from |4j. D 

Now, we have everything in place to prove that strong p-convergence conservatively 
extends strong m-convergence. 

Theorem 7.31. Let TZ be a GRS and S a reduction in TZ. We then have that 

S : g ^K h iff S : g ^-jz h is total. 

Proof. Let S = {g^ — )-„^ 5t+i)t<Q- At first, we prove the "only if" direction by induction on 
a: 

The case a = is trivial. If a is a successor ordinal, the statement follows immediately 
from the induction hypothesis. 
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Let a be a limit ordinal. Since S: g ^ 5^, we know that 5*1^: g ^ g-y for all 7 < a. 
Hence, we can apply the induction hypothesis in order to obtain that 5*1^ : g -^ g-y for each 

7 < a. Consequently, S is strongly p-continuous, which means, by Proposition 17.171 that 
S strongly p-converges to some term graph h' . However, since S strongly ?n-converges, we 
know that (depth (nJ)t<Q, tends to infinity. Consequently, we can apply Lemma [7.291 to 
obtain that h' = limt^Q = h, i.e. S: g ^ h. Since S: g ^ h, of course, S: g ^ h must be 
total. 

We will also prove the "if" direction by induction on a: Again, the case a = is trivial 
and the case that a is a successor ordinal follows immediately from the induction hypothesis. 

Let a be a limit ordinal. Since S is strongly p-convergent, we know that S\-y '■ g -^ g-y 
is total for each 7 < a. Therefore, we can apply the induction hypothesis to obtain that 
S\-y: g ^ g-y for each 7 < a. Hence, 5' is strongly m-continuous. Since S is total, we know 
from Lemma [7. 211 that S has no volatile positions. Hence, by Lemma [7. 281 (depth (nt))t<Q 
tends to infinity. Together with the strong TTi-continuity of S, this yields, according to 
Lemma [7.3UI that S strongly m-converges to some h' . With Lemma 17.291 we can then 
conclude that h' — h, i.e. S: g ^ h. D 

8 Terms vs. Term Graphs 

Term graph rewriting is an efficient implementation technique for term rewriting that uses 
pointers in order to avoid duplication. This is also used as the basis for the implementation 
of functional programming languages. A prominent example is the implementation of the 
fixed point combinator Y defined by the term rule pq: Y x — > x{Y x\ where we write 
function application as juxtaposition. Written as a term graph rule pi : Y x — > xiy x) 
depicted in Figure I6al we can see that the two occurrences of the variables x on the right- 
hand side are shared. In fact, since term graph rewriting does not provide a mechanism 
for duplication, this is the only way to represent non-right linear rules. With the rule p\ 
applied repeatedly as shown in Figure [5cl more and more pointers to the same occurrence of 
the function symbol / are created. This reduction strongly m-converges to the infinite term 
graph g^ = /'"l {n {n{. . . ))), which has infinitely many edges to the /-node. Note, however, 
that the term graph rule pi is not maximally shared. If we apply the maximally shared rule 
P2'- (Fa;)'"! -^ xn, we obtain in one step the cyclic term graph ho — (/n)["l. This is, in 
fact, how the fixed point combinator is typically implemented in functional programming 
languages [T71[5D]. Although, the resulting term graphs g^^ and ho are different, they both 
unravel to the same term f {f {f {■ ■ ■ ))). 

In this section, we will study the relationship between GRSs and the corresponding TRSs 
they simulate. In particular, we will show the soundness of GRSs w.r.t. strong convergence 
and a restricted form of completeness. To this end we make use of the isomorphism between 
terms and canonical term trees as outlined at the end of Section 13.21 

Note that term trees have an obvious characterisation in terms of their equivalence on 
positions: 

Fact 8.1. A term graph g £ 5°°(S) is a term tree iff ~g is the identity relation, i.e. 

TTl ^g 7r2 iff VTl = 7r2 . 

When giving the labelled quotient tree for a term tree t we can thus omit the equivalence 
~t. We refer to the remaining pair {V{t),t{-)) as labelled tree. 
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(Pl) (P2) 

(a) Term graph rules that unravel to Y x —^ x (Y x). 
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(b) A single p2-step. 




Pi 




(5c.) 



(51) (52; 

(c) A strongly m-convergent term graph reduction over pi. 

Figure 6: Implementation of the fixed point combinator as a term graph rewrite rule. 



Recall that the unravelling U (g) of a term graph g is the uniquely determined term t such 
that there is a homomorphism from t to g. Labelled trees give a concrete characterisation 
of unravellings: 

Proposition 8.2. The unravelling U (g) of a term graph g G Q°^{'E) is given by the labelled 
tree {P, I) with P — 'P{g) and 1{t:) — g(7r) jor all n E P. 

Proof. Since the implicit equivalence ~w(g) is reflexive and a subrelation of '^g, the triple 
{P,l,^u(cj)) is a labelled quotient tree. Let t be the term represented by [P,l)- By 
Lemma 13.141 there is a homomorphism from t to g. Thus, lA (g) = t. D 

Before start investigating the correspondences between term rewriting and term graph 
rewriting, we need to transfer the notions of left-linearity and orthogonality to GRSs: 

Definition 8.3 (left-linearity, orthogonality 7 ). Let 7?, = (S,i?) be a GRS. 

(i) A rule p G i? is called left-linear if its left-hand side pi is a term tree. The GRS 7?. is 
called left-linear if all its rules are left-linear. 

(ii) A /9-redex g and a p'-redex g' in a common term graph, with matching V-homomorphisms 
4> resp. 0' are disjoint, if r^ 7^ 0'('T') for all non-V nodes n in pj and, symmetrically, 
rS ^ 4>{n) for all non-V nodes n in p;. In other words, the root of either redexes must 
not be matched by the respective other rule. 

(iii) The GRS TZ is called non-overlapping if all its redexes are pairwise disjoint. 

(iv) The GRS TZ is called orthogonal if it is left-linear and non-overlapping. 
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It is obvious that the unraveUing U {TV} of a GRS is Icft-hncar if TZ is left-hnear, that 
and U {TV) is orthogonal if TZ is orthogonaL 

We have to single out a particular kind of term graph redexes that manifest a peculiar 
behaviour. 

Definition 8.4 (circular redex). Let p — {g, I, r) be a term graph rule. A p-redex is called 
circular if / and r are distinct but the matching V-homomorphism cj) maps them to the same 
node, i.e. I ^ r but (j){l) = (f>{r). 

Kennaway et al. [15] show that circular redexes only reduce to themselves: 

Proposition 8.5. For every circular p-redex g\n, we have g -^p^n h. 

However, contracting the unravellings of a circular redex also yields the same term: 

Lemma 8.6. Let g be a term graph with a circular p-redex rooted in n. Then U {g) ^u(p),tt 
U{g) for allw £T'g{n). 

Proof. Since there is a circular p-redex, we know that the right-hand side root r^ is reachable 
from the left-hand side root l^ of p. Let tt* be a path from l^ to r^. Because g\n is a circular 
redex, the corresponding matching V-homomorphism maps both I'' and r^ to n. Since A- 
homomorphisms preserve paths, we thus know that tt* is also a path from n to itself in g. 
In other words tt G 'Pg(n) implies tt ■ tt* € T'g{n). Consequently, for each tt G T'g{n) we have 
that U{g) 1^ ^U{g) |^.^.. 

Since there is a path tt* from IP to r'', the unravelling U (p) of p is of the form / -^ /|^. . 
Hence, we know that each application of U {p) at a position tt in some term t replaces the 
subterm at tt with the subterm dX tt ■ tt* in t, i.e. t — >u(p).7r il^U-ir*];!- 

Combining the two findings above, we obtain that 

U {g) ^uip),. U {g) [U {g) U.^,]^ = U {g) [U {g) U], = U {g) for aU tt e Vg{n) 

U 

The following two properties due to Kennaway et al. [15| show how single term graph 
rewrite steps relate to term reductions in the corresponding unravelling. 

Proposition 8.7. Given a left-linear GRS TZ and a term graph g in TZ, it holds that g is a 
normal form in TZiffU (g) is a normal form in lA {TZ). 

Theorem 8.8. Let TZ be a left-linear GRS with a reduction step g -^n.p h- Then S: U {g) ^u{tz) 
lA {h) such that the depth of every redex reduced in S is greater or equal to depth (n). In 
particular, if the p-redex g\n is not circular, then S is a complete development of the set of 
redex occurrences T'g (n) in hi {g) . 

The goal of the following two sections is to generalise the above soundness theorem to 
strong m- and p-convergence. 

8.1 Strong ?ri-Convergence 

At first we shall study correspondences w.r.t. strong m-convergence. To this end, we first 
show that the metric df on term graphs generalises the metric d on terms. 
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Lemma 8.9. Let t G T°°{'Z,±_) and d e N U {oo}. The strict truncation t\d is given by the 
labelled tree (P, /) with 

(a)P^{.eVit)\\n\<d}, (b) li.) = \'l^^ ^J|-|<^ 

[^ 1/ |7r| > rf 

Proof. Immediate from Lemma 15.71 and Fact 18.11 D 

This shows that the metric df restricted to terms coincides with the metric d on terms. 
Moreover, we can use this in order to relate the metric distance between term graphs and 
the metric distance between their unraveUings. 

Lemma 8.10. For all g,h e ^°°(E), we have that d\{g,h) > d<^{U [g) ,U {h)) . 

Proof. Let d — s\m\{g,K). Hence, g\d = h\d and we can assmrie that the corresponding 
labeUed quotient trees as characterised by Lemma W7\ coincide. We only need to show that 
U{g) \d = U(h) \d since then s\m^{U {g) M {h)) > d and thus d^{U (g) ,U (h)) < 2"^^ = 
df(g, h). In order to show this, we show that the labelled trees of U (g) \d and U (h) \d as 
characterised by Lemma 1531 coincide. For the set of positions we have the following: 

7reV{Uig)\d) 

•^=^TT eV[U{g)), \TT\<d (LemmaEl]) 

^=^ TT eV{g), Kl < d (Proposition [H3) 

■iF=^TT eV{g\d), |7r| < d (Lemma[S21) 

■^=^11 eV{h\d), |7r|<d {g\d^h\d) 

•^=^TT eVih), \TT\<d f Lemma 157)) 

^=^ TT e ViU (ft.)), \tt\ < d (Proposition EH) 

^=^ -K eV[U (h) \d) (Lemma [ 



In order to show that the labellings are equal, consider some tt G P{U (g) \d) and assume 
at first that |7r| > d. By Lemma EH we then have {U (g) \d) {n) = _L = {U (h) td) (tt). 
Otherwise, if |7r| < d, we obtain that 

(U (.9) \d) (tt) L-^m^ (^) (^) P™i^'^.g(7r) ^'="^'^.gfd(7r) 

''^'=''' h\din) ^^"^'^/i(^) P'-LI^Z^ (h) (tt) L-2iEll(^ ^^^ ^^) (^) 

D 
This immediately yields that Cauchy sequences are preserved by unravelling: 

Lemma 8.11. //(5t)t<Q is a Cauchy sequence in (C?^(E),df), then so is {lA {gi))u<,a. 

Proof. This follows immediately from Lemma 18.101 D 

Additionally, also limits are preserved by unraveUings. 

Proposition 8.12. For every sequence {gu)i<a in (0c°(^)idf), we have that lim,_>.Q,5, — g 
implies liui^^a ^ (fft) = ^ id) 
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Proof. According to Theorem 15.91 we have that V{g) = liminf,,^Q 'P(5t), and that g(7r) = 
g^(7r) for some (3 < a with gt(7r) — gfi{n) for aU /3 < t < a. By Proposition 18.21 we then 
obtain V{U [g)) — hminft_^Q ViU (fft)), and that U (g) (tt) — U [gp) (tt) for some /3 < a with 
^ (St) (^) = ^ (dp) ('"') for all P < L < a. Since by Lemma IS. Ill {p({g^))^<^a is Cauchy, we 
can apply Theorem 15.91 to obtain that hnit^Q U {g^) =U [g). D 

We can now show that term graph reductions are sound w.r.t. reductions in the unravelled 
system. 

Theorem 8.13. Let U he a left-linear GRS. If g "^n h, then U (g) ^u{tz} U (h). 

Proof. Let S — {g^ -^d, <7i,+i)i,<a be a reduction strongly m-converging to ga in 7?,, i.e. 
S ■ go ^n ga- According to Theorem l8.8l there is for each l < aa reduction T^ : U [g^) ^u(n) 
U (gt+i) such that 

all steps in T^ contract a redex at depth > d,. (*) 

Define for each 5 <a the concatenation Us — IIks ^f We will show that Us : U {go) ^u(Ti) 
lA {gs) for each S < a hy induction on 5. The theorem is then obtained by instantiating 
S — a. 

The case 5 = is trivial. US = S' + I, then we have by induction hypothesis that 
Us'-. U{go) ^u(n) U{9S')- Since T^/ : U {gs') ^uCR) ^{gs), and Us = Us' ■ Ts>, we have 
Us: U{go)^u(ji)Ui96)- 

For the case that J is a limit ordinal, let Us = {ti — >-e, it+i)i</3. For each 7 < /3 we find 
some j' < S with Usl-y < U^'. By induction hypothesis, we can assume that U^' is strongly 
m-continuous. According to Proposition l2.4l this means that the proper prefix Uslj strongly 
m-converges to tj. This shows that each proper prefix Us\-y of Us strongly ?n-converges to 
tj. Hence, by Proposition l2.4l Us is strongly m-continuous. 

Since S is strongly m-convergent, ((it)t<5 tends to infinity. By Q, also (et)t<Q tends to 
infinity. Hence, Us is strongly m-convergent according to Proposition l2.2l Let t be the term 
Us is strongly m-converging to, i.e. limt_).^ t^ — t. Since {lA {gu))L<5 is a cofinal subsequence of 
(it)i</3i we have by Proposition ll.ll that lim^^^ U (g^) = t. Since S is strongly m-convergent, 
we also have that Imi^^s gt. — gs- By Proposition l8.12l this yields that \m\^^s U{g^) —U{gs). 
Consequently, we have that t = U {gs), i.e. Us : U {go) ^u{n) U {gs)- □ 

Unfortunately, we will not be able to obtain a full completeness result. Even the weak 
completeness that was considered by Kennaway et al. J15j for finitary term graph reductions 
does not hold for infinitary term graph reductions. This weaker completeness property is 
satisfied by infinitary term graph rewriting iff 

^ (5) ^w(7?,) ^ ^=^ there is a term graph h with g ^7^ h, t ^-^u{n) U {h) 

Kennaway et al. [15] consider an informal notion of infinitary term graph rewriting and 
give a counterexample for the above weak completeness property. This counterexample also 
applies to strongly m-convergent term graph reductions: 

Example 8.14. We consider an infinite alphabet E with n G YP'^ for each n £ N. Let g be 
the term graph depicted in Figure [Ta] The root node is labelled and each node labelled n 
has as its left successor itself and as its right successor a node labelled n -|- 1 . Let 7?. be the 
GRS that for each natural number n has a rule p„ : n{x, y) — >■ n + l {x, y). A single reduction 
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^Q 

f*l 1 11 

^I /\ /\ /\ /\ 

^2 0112 2222 

^i /\ /\ /\ /\ /\ /\ /\ /\ 

^3 01121223 33333333 



(a) A term graph g. (b) The unraveUing of g. (c) Term reduct t oiU (g). 

Figure 7: Counterexample for weak completeness. 



step in TZ increments the label of exactly one node. Figure [7b] shows the unravelling of g. 
In each row of U (g), the rightmost node has the largest label. However, each node to its 
left can be incremented by performing finitely many reduction steps in the TRS L( (TZ) so 
that it has the same label as the rightmost node. Doing this for each row yields a reduction 
strongly m-converging to the term t depicted in Figure [Tcj Note that for each n gN, there 
are only finitely many occurrences of n in t. Therefore, also the number of occurrences of 
labels TO with m < n is finite for each n G N. Since it is only possible to obtain a node 
labelled n by repeated reduction on a node labelled m with m < n, this means that every 
term t' with t ^u(TZ) ^' ^-l^o has only finitely many occurrences of n for any n G N. On 
the other hand, there is no strongly rn-converging reduction from g to & term graph that 
unravels to a term with finitely many occurrences of n for each n G N. This is because 
the structure of g cannot be changed by reductions in TZ. In particular, the loops in g are 
maintained. 

The above counterexample requires an infinite set of function symbols and rules. Ken- 
naway et al. [15j sketch a variant of this example that gets along with only two function 
symbols and one rule. However, after closer inspection one can see that this system is not 
a counterexample! We do not know whether a restriction to finitely many rules may in fact 
yield weak completeness of infinitary term graph rewriting. 

We think, however, that a completeness property w.r.t. normalising reductions can be 
obtained. To this end, consider the following property of strong TO,-convergence in TRSs: 

Theorem 8.15 f [16j). Every orthogonal TRS has the normal form property w.r.t. strong 
m- convergence. That is, for each term t with i ^ ti and f-^ t2, we have ti = t2, whenever 
ti,t2 are normal forms. 

We then obtain as a corollary that a term graph has the same normal forms as its 
unravelling, provided it has one: 

Corollary 8.16. For every orthogonal GRS TZ, we have that two normalising reductions 
g ^Tz h and U (g) ^^v(7^) ^ imply that t — hi (h). 

Proof. According to Theorem 18.131 g ^-jz h implies U {g) ^u(ji) U{h). Note that, by 
Proposition 18.71 U (h) is a normal form in U (TZ). Hence, the reduction U (g) ^u{n) ^ W 
together with U (g) ^u{n) ^ implies t = U{h) according to Theorem 18. 151 D 
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We conjecture that this can be generahsed such that infinitary term graph rewriting is 
complete w.r.t. normahsing reductions. That is, if lA (g) ^u{tz) t with t a normal form of 
U {TV), then there is a term graph h with U (h) — t and g ^u h. 

8.2 Strong p-Convergence 

In this section, we replicate the results that we have obtained in the preceding section 
for the case of strong p-convergence. Since p-convergence is a conservative extension of 
m-convergence, cf. Theorems 12.51 and 17.311 this will in fact generalise the soundness and 
completeness results for infinitary term graph rewriting. 

At first we derive a characterisation of the partial order <^ on terms: 

Lemma 8.17. Given two terms s,t £ T^^CS^), we have s <^ t iff s{tt) = t{n) for all 
TT e 'P(s) with g{n) G E. 

Proof. Immediate from Corollarv l4.3l and Fact [5?Tl D 

This shows that the partial order <2^ on term graphs generalises the partial order on 
terms. 

From this we easily obtain that the partial order <^ as well as its induced limits are 
preserved by unravelling: 

Theorem 8.18. In the partially ordered set (5^(Ej^), <^) the following holds: 

(i) Given two term graphs g, h, we have that g <^ h implies U (g) <^ U (h). 

(ii) For each directed set G , we have that U I |J„gQ g ) = UoeG ^ (s)- 

(Hi) For each non-empty set G, we have that U I floeG ■9) ^ riqeG^ (s)- 

(iv) For each sequence ((7t)t<Q, we have that U (liia mi ^^a gi) = hininft_>.Q W (gt). 

Proof, (i) By CoroUarv lOl g <^ h implies that g(7r) = h{n) for all tt e V{g) with g{n) e S. 
By Proposition[H21 we then have U (g) (tt) = U (h) (tt) for all tt e V{U (.g)) with U [g) (tt) e E 
which, by Lemma [8. 171 implies U (g) <^ U (h). 

By a similar argument (ii) and (iii) follow from the characterisation of least upper bounds 
and greatest lower bounds in Theorem 14.41 resp. Proposition 14.51 bv using Proposition 18. 21 

(iv) Follows from (ii) and (iii). D 

In order to proof the soundness w.r.t. strong p-convergence we need a stronger variant of 
Theorem l8.8l that does not only make a statement about the depth of the redexes contracted 
in the term reduction, but also the corresponding reduction contexts. 

Theorem 8.19. Let TZ be a left-linear GRS with a reduction step g -^c h. Then there is 
a non-empty reduction S — (t^ -^c, it+i)t<Q with S: U {g) ^u(n) U {h) such that U (c) = 

I \t.<a "^f 

Proof. By Theorem 18.81 there is a reduction S: U {g) ^u{n) U{h). At first we assume 
that the redex g\n contracted in g — >„ h is not a circular redex. Hence S, is complete 
development of the set of redex occurrences 'Pg{n) in hl{g). By Theorem 12.51 we then 
obtain S: U (g) ^u(n) U (h). From Lemma [7. 151 and Proposition l8 . 21 it follows that U {g\n) 
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is obtained from U (g) by replacing each subterm of U (g) at a position in 7'™(7i), i.e. a 
minimal position of n, by ±. Since each step t^ ^-n^ ^t+i in S contracts a redex at a 
position TTi that has a prefix in P™(n), we have U {g\n) <^ ii[-L]ii-i = c^. Moreover, for each 
TT G V'T'in) there is a step at t(7r) < a in 5 that takes place at tt. From Proposition [531 it is 
thus clear that U {g\n) — Y^^^p c,,(^). Together with U {g\n) <^ d for all t < a, this yields 
U {g\n) = PIkq Ci,. Then W (c) = FIkq c,, follows from the fact that c = .g|"n. 

If the p-redex g|„ contracted in 17 — ^p.n h is a. circular redex, then g = h according to 
Proposition 18.51 However, by Lemma \^M each U {p)-Tedex at positions in Vgin) in U{g) 
reduces to itself as well. Hence, we get a reduction U (g) ^u(p) U {h) via a complete 
development of the redexes at the minimal positions V™{n). The equality U (c) = flKa Ct 
then follows as for the first case above. D 

Before we prove the soundness of strongly p-converging term graph reductions, we show 
the following technical lemma: 

Lemma 8.20. Let {a^)^^a be a sequence in a complete semilattice (A, <) and (7,,)t<5 a 
strictly monotone sequence in the ordinal a such that |J,,<5 7t = c«- Then 

lim inf a^ = lim inf a^ 

\7;9<'-<7/3 + l 

Proof. At first we show that 

n n a. = n «' ior&\lp<6 (*) 

by using the antisymmetry of the partial order < on A. 

Since for all /3 < /3' < (5, we have that \~\ ,<t<^ , flj, > [17 <L<a'^L, we obtain that 

\\p<l3'<S \^Jf,'<i.<7f3> + i "'■ - n7^<t<Q Ot 

On the other hand, since (7t)t<5 is strictly monotone and |J^<5 7t — a, we find for each 
7/3 < 7 < a some P < P' < 5 such that 7/3' < 7 < 7/3'+i and, thus, n7.,<,<7 , '^t — '^7- 
Consequently, we obtain that Up<p'<s ^^i ^, <u<'y f,, ^^ ^^ ^ U-^pKuKa a^- 

With the thus obtained equation Q, it remains to be shown that Ufl<Q n/3<t<Q ^^t ^ 
U/3'<5 n7' <t<a Of Again, we use the antisymmetry of <. 

Since nt<5 7t = ^^ we find for each (3 < a some j3' < 5 with 7^/ > /3. Consequently, we 
have for each (3 < a some P' < 6 with n/3<.<a ^^ < n7^<.<a a^- Hence |J;3<a Ufi<,<a a^ < 

U,3'<d"l l7^<i<a "^f 

On the other hand, since for each f3' < S there is a /? < a (namely (5 — ^p) with 

n/3<.<a «^ = n7^<.<a A^' ^^ alsO havC |J/3<a n;3<.<a ^^ > U/3'<5 n7^<.<a «^- ° 

Theorem 8.21. Let U he a left-linear GRS. If g ^tz h, then U {g) ^u(n) U {h). 

Proof. Let 5* = {gi, — >c, .9t+i)t<Q be a reduction strongly p-converging to ga in 7?., i.e. 
S: ga ''^n ga- According to Theorem 18.191 there is for each 7 < a a strongly p-converging 
reduction T^ : U (g^) ^u{n) ^ (57+1) such that 

n c[=U (c-y) for (c')t<|T^| the reduction contexts in T^. (*) 

'■<\T-,\ 
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Define for eacli 6 < a tlie concatenation Us — Y[l<s ^t- We will show that Us : U {go) ^u{n) 
lA (gs) for each S < a by induction on S. The theorem is then obtained for the case S = a. 

The case (5 = is trivial. If 5 = 5' + 1, then we have by induction hypothesis that 
Us'-. U{ga) ^u(n) U{gs'). Since Ts' : U {gs') ^u(n) U{gs), and Us = Us' ■ Ts', we have 
Us: U{go) ^u{n)l^ i.9s)- 

For the case that 5 is a limit ordinal, let Us = (tt — >c' ^t+i)t</3- For each 7 < /3 we find 
some 5' < 5 with Us\-y < Us' ■ By induction hypothesis, we can assume that Us' is strongly 
p-continuous. According to Proposition [^31 this means that the proper prefix Us\'y strongly 
p-converges to tj. This shows that each proper prefix Usl-y of Us strongly p-converges to t^. 
Hence, by Proposition 12.41 Us is strongly p-continuous. 

In order to show that Us : U (go) -^unVj ^ i9s): it remains to be shown that lim inf ,,_5.^ c' = 
14 (gs)- Since S is strongly p-converging, we know that liminft__j.5 q — gs- By Theorem l8.18l 
we thus have limiid^^si^ (ci) — lA{gs). By Q and the construction of Us, the sequence 
of reduction contexts (c')t<^ consists of segments whose gib is the unravelling of a corres- 
ponding reduction context c^. More precisely, there is a strictly monotone sequence (7t)t<5 
with 7o = and |Jt<d"7t = f^ su'^h that U {c^) = n7,<7<7, 1 "^7 ^^^ ^^1 l < 5. Thus, we can 
complete the proof as follows: 

U iqs) = liminfW(ct) = liminf c' = ' liminf c' 

7t<7<7i, + l 

n 

Note that the counterexample from Example l8.14l is not applicable to strong p-convergence. 
Since in the considered system every term graph resp. every term is a redex, we can reduce 
every term graph resp. every term to -L by an infinite strongly p-converging reduction. We 
therefore conjecture that the weak completeness property does hold for strongly p-convergent 
term graph reductions. That is, for every hi (g) -^u{tz) t there is some h with U (h) — t such 
that g ^Tz h. 

However, we can use the confluence of strongiy-p-converging term reductions in order to 
obtain a weak form of completeness for normalising reductions. 

Theorem 8.22 ( 5J). Every orthogonal term rewriting system is confluent w.r.t. strong 
p-convergence. That is, t ^ ti and t ^ t2 implies ti -% t' and t2 ^ t' . 

Corollary 8.23. For every orthogonal GRS TZ, we have that two normalising reductions 
9 -^n 9' and t -^u{n) t' i'mply that t' =U (<?'). 

Proof. According to Theorem 18.211 g -^-ji g' implies U [g) ^uiv.) ^{9')- Note that, by 
Proposition 18.71 U {g') is a normal form in U (7?.). Hence, the reduction U [g) ^u(n) ^ {9') 
together with t '^u{n) t' implies t' =U [g') according to Theorem 18.221 D 

9 Discussion 

The main contribution of this paper is the establishment of an appropriate calculus of in- 
finitary term graph rewriting. We have shown that strong ?Tj-convergence as well as its 
conservative extension in the form of strong p-convergence provide an adequate theoretical 
underpinning of such a calculus. The simplicity of the underlying metric resp. partial order 
structure of term graphs contrasts the intricate structures that we have proposed in our 
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previous work [6J. There, we have been focused exclusively on weak convergence and the 
peculiar properties of weak convergence made it necessary to carefully define the under- 
lying structures to be quite rigid. As a consequence, a number of intuitively converging 
term graph reductions do not converge in that calculus. An example is the reduction illus- 
trated in Figure [Scl which in the rigid calculus does not m-converge at all and p-converges 
only to the partial term graph _L["1 (n (n (. . . ))). In the calculus that we have presented in 
this paper, this term graph reduction strongly m- and thus p-converges to the term graph 
/["I (n (n (. . . ))) depicted in Figure IScl 

The new approach that we have presented in this paper - built upon simple general- 
isations of the metric resp. the partial order on terms to term graphs - is less rigid and 
captures an intuitive notion of convergence in the form of strong convergence. We have ar- 
gued for its appropriateness by independently developing two modes of convergence - m- and 
p-convergence - and showing that both yield the same limits when restricted to total term 
graphs. Moreover, we have shown the adequacy of our infinitary calculus by establishing its 
soundness w.r.t. infinitary term rewriting. 

We have also made the first steps towards a completeness result by showing that norm- 
alising reductions of term graph rewriting systems and their corresponding term rewriting 
systems are equivalent modulo unravelling. We conjecture that this can be extended to a 
full completeness property of normalising reductions. 
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